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Abstract

This paper proposes a theoretical framework to analyze the relationship between credit
shocks, firm defaults and volatility, and to study the impact of credit shocks on business
cycle dynamics. Firms are identical ex ante but differ ex post due to different realizations
of firm-specific technology shocks, possibly leading to default by some firms. The paper
advances a new modelling approach for the analysis of firm defaults and financial
intermediation that takes account of the financial implications of such defaults for both
households and banks. Results from a calibrated version of the model suggest that, in the
steady state, a firm’s default probability rises with its leverage ratio and the level of
uncertainty in the economy. A positive credit shock, defined as a rise in the loan-to-
deposit ratio, increases output, consumption, hours and productivity, and reduces the
spread between loan and deposit rates. The effects of the credit shock tend to be highly
persistent, even without price rigidities and habit persistence in consumption behavior.

JEL classification: E32, E44, G21
Bank classification: Business fluctuations and cycles; Economic models; Credit and
credit aggregates; Financial institutions

Résumé

Les auteurs proposent un modele théorique pour I’analyse de la relation entre les chocs de
crédit, les défaillances d’entreprises et la volatilité, ainsi que pour I’étude des effets de
ces chocs sur la dynamique du cycle économique. Dans ce modele, des entreprises
identiques ex ante se différencient ex post en réponse aux chocs technologiques réalisés,
qui sont propres a chaque entreprise et peuvent provoquer sa défaillance. Le nouveau
modele employé par les auteurs pour examiner les défaillances des firmes et
I’intermediation financiére tient compte des conséquences financieres de ces défaillances
a la fois sur les ménages et sur les banques. Les résultats tirés d’une version étalonnée du
modele indiquent qu’a I’équilibre de long terme, la probabilité de défaut d’une entreprise
augmente avec son ratio de levier et le degré d’incertitude dans I’économie. Un choc de
crédit positif — a savoir une hausse du ratio des préts aux dépots — accroit la production, la
consommation, le nombre d’heures travaillées et la productivité et réduit I’écart entre le
taux préteur et le taux de rémunération des dépéts. Les retombées du choc de credit
tendent & perdurer longtemps méme en I’absence de rigidité des prix et de persistance des
habitudes de consommation.

Classification JEL : E32, E44, G21
Classification de la Banque : Cycles et fluctuations économiques; Modéles économiques;
Crédit et agrégats du crédit; Institutions financiéres



1 Introduction

The recent financial crisis and the ensuing economic recession have highlighted the importance
of interlinkages between financial markets and the real economy, in particular, the role of private
credit in the transmission of real and financial shocks. Empirical evidence suggests that bank credit
has played an important role in explaining the business-cycle dynamics of output growth, inflation
and interest rates in advanced economies since the late 1970s. As shown in Helbling, Huidrom,
Kose, and Otrok (2011), Bagliano and Morana (2012) and Xu (2012), a negative shock to U.S.
real credit has significant adverse effects on output and interest rates in the United States, as well
as in other advanced economies such as the euro area and the United Kingdom. The contraction
in credit and the subsequent decline in output during the 2007-2009 crisis was coupled with a rise
in the frequency of a firm’s default. In fact, according to Moody’s (2012), the rolling 12-month
default rate for private firms in the United States reached a peak of 5.3 per cent in September
2009, more than double the pre-crisis level. In addition, market volatility, as measured by the VIX
index, reached elevated levels during the crisis, peaking at 80 toward the end of 2008, compared
with an average of 20 in the five years preceding the crisis. The Federal Open Market Committee
repeatedly emphasized the increased uncertainty as one of the key factors driving the 2007-2009
recession.

Over the past two decades, there have been important advances in the theoretical literature on
the macroeconomic impact of financial frictions. Notable contributions to the literature include
Kiyotaki and Moore (1997), Bernanke, Gertler, and Gilchrist (1999), Christiano, Ilut, Motto,
and Rostagno (2010), Carlstrom, Fuerst, and Paustian (2010), Curdia and Woodford (2010) and
Gertler and Kiyotaki (2010). This research shows that credit market frictions (due to information
asymmetry, agency costs or collateral constraints) act as a financial accelerator that in turn leads
to an amplification of business cycles, and highlights the mechanisms through which credit market
conditions are likely to impact the real economy. In addition, recent literature that models the
banking sector sheds light on the relationship between bank lending and investment decisions by
firms, and how credit risks relate to the pricing of bank loans. See, for example, Freixas and Rochet
(2008) and Pesaran, Schuermann, Treutler, and Weiner (2006).

The existing literature on financial frictions is largely monetary in nature and is aimed mainly
at obtaining a better understanding of the transmission mechanisms for monetary policy shocks.
They are motivated by the limitations of traditional demand side monetary models in matching
VAR-based empirical evidence of the effects of monetary policy shocks. See, for example Bernanke
and Gertler (1995), and Bernanke, Gertler, and Gilchrist (1999). Recently, a number of papers
have developed models with financial frictions to investigate the effects of unconventional monetary
policy, such as the direct lending by central banks that took place during the 2008 financial crisis.
Notable examples are Christiano, Ilut, Motto, and Rostagno (2010), Gertler and Kiyotaki (2010)
and Gertler and Karadi (2011, 2013).

In this paper, we have a different focus and examine the relationships among credit, firm
default and volatility (the three important factors in the recent financial crisis), and study the
impact of a credit shock on the macroeconomy. To this end, we develop a theoretical model with
financial intermediation, allowing for the possibility of firm defaults, and accounting for second-

order moments (volatility) of shocks to the macroeconomic environment.



The main contribution of the paper in relation to the existing literature is twofold. First,
we advance an alternative modelling framework for the analysis of firm defaults and financial
intermediation that establishes a direct link between credit risk and productivity. The proposed
framework comprises a large number of firms, a representative household and a banking sector
that operates competitively. Firms are identical ex ante and live from period to period. At the
start of each period, firms enter the market and decide on the optimal levels of labour input and
capital stock for their operations. Firms receive initial funds from the household sector, which
can be interpreted as private-equity investment from the household, and augment these funds by
borrowing from the banking sector. These financing arrangements are made prior to the realization
of idiosyncratic and common technology shocks. Some firms may default if the realized technology
shocks are unfavorable, such that the firm’s revenue is not sufficient to repay the bank loan. We
assume that the product market is competitive and, while some firms may fail at the end of each
period, entry is free. The banking sector receives deposits from households before the arrival of
a credit shock, which then determines the total level of loanable funds to the firms. The banking
sector receives loan repayments from solvent firms and seizes the revenues of defaulted firms (if
any) to partially cover losses. The equilibrium loan rate is in turn affected by the economy-wide
default probability.

Our modelling approach is different from models in the literature that consider collateral con-
straints. See, for example, Kiyotaki and Moore (1997), Gertler and Kiyotaki (2010), and Carlstrom,
Fuerst, and Paustian (2010). In these studies, collateral constraints are introduced as a way of
ensuring that borrowers can re-pay their debts, which in most cases rule out, almost by design,
the possibility of firm default in equilibrium. Our paper is more closely related to the work by
Freixas and Rochet (2008) on the microeconomics of banking, and Bernanke, Gertler, and Gilchrist
(1999, BGG) , on modelling the producer sector and firm defaults.! In modelling firm defaults,
our approach differs from Bernanke, Gertler, and Gilchrist (1999), BGG, in that idiosyncratic
shocks affect productivity rather than the return on capital, which keeps the model tractable and
establishes a direct link between credit risk and productivity. We allow households to bear part
of the default risk in the face of an adverse technology shock, through their equity investment in
firms; otherwise, the whole burden of default falls on the banking sector, resulting in excessively
large spreads between loan rates and deposit rates. The timing of labour and capital decisions and
the fact that firms are subject to idiosyncratic technology shocks are essential for modelling firm
defaults in equilibrium.?

Second, the paper contributes to the analysis of steady states in model economies that takes
account of non-linearities and possible unit roots in the economy-wide technology processes. One
feature of the standard first-order perturbation approach is that the solution displays the certainty
equivalence property, where the first-order approximation to the unconditional means of endoge-
nous variables coincides with their non-stochastic steady-state values and rules out a risk premium

in stochastic environments (Schmitt-Grohe and Uribe, 2004). We propose an alternative method

!Other related papers that allow for the possibility of firm defaults include Fiore and Tristani (2009) and Chris-
tiano, Ilut, Motto, and Rostagno (2010).

2Equilibrium default models have existed in the sovereign debt literature, including Arellano (2008), Sandleris
(2008) and Yue (2010), while Chatterjee, Corbae, Nakajima, and Ros-Rull (2007) studied default in the context
of unsecured household debt. The focus of our paper differs, since we are interested in examining the impact of
equilibrium default in the firm sector, rather than the sovereign or household sectors.



where the steady-state relations of the model are derived from unconditional expectations of the
model’s relations in terms of the log of the variables measured in efficiency units. Using this ap-
proach and the properties of the log normal distribution, we are able to express the steady state of
shocks as a function of their mean and standard deviation, therefore allowing for explicit consider-
ation of risks in the steady state, without using second- or higher-order perturbation methods (see,
for example, Schmitt-Grohe and Uribe, 2004 and Devereux and Sutherland, 2011). This approach
to modelling steady states enables us to study the link between credit shock and volatility and
sheds light on the impact of credit shocks on the macroeconomy during periods of high market
uncertainty.

The main findings of our paper are as follows. First, in the steady state, the firm default
probability rises with firms’ leverage ratio and the level of uncertainty in the economy (measured
by the standard deviation of idiosyncratic and common technology shocks). As firms become more
leveraged, consumption, output and capital decline, despite a rise in the level of loans, since a
larger proportion of the loans are non-performing. The level of output, loans and consumption also
decline with increased uncertainty.

Second, we are able to generate theoretical impulse responses to a credit shock that are in
line with empirical results on the responses of output and short-term interest rates to a U.S. credit
shock. A positive credit shock can be viewed as a sudden increase in the level of bank loans relative
to bank deposits, probably due to an increase in liquidity provision by the banking sector or the
central bank. The rise in the level of the loan-to-deposit ratio leads to an increase in the available
capital in the economy and, consequently, an expansion in investment and output, which is largely
consistent with the empirical results in Xu (2012). The increase in the level of loanable funds also
drives down the loan rate and narrows the spread between the loan rate and deposit rate. Labour
hours rise on impact, which leads to higher household incomes and consequently more consumption.
Our calibrated results show that the impact of a credit shock on output and consumption can be
quite large, with the speed of convergence to equilibrium typically slow (more than 20 quarters).
Our finding is consistent with empirical studies of the output effect of financial crises, which
suggest that recessions associated with financial crises have been more severe and longer lasting
than recessions associated with other shocks (see, for example, IMF, World Economic Outlook,
April 2009, Chapter 3). The prolonged impact of the credit shock also reflects the high persistence
in the loan-to-deposit ratio that we observe empirically.

The rest of the paper is organized as follows. Section 2 presents the DSGE model of credit,
leverage and default. Section 3 sets out the first-order equilibrium conditions, derives the steady
states, and describes the solution of the model. Section 4 discusses the parameterizations of the
model for the calibration exercises. Section 5 provides the key results on the impulse responses of
positive credit shocks. Section 6 provides a brief review of the relevant literature. Section 7 offers

some concluding remarks.

2 A Model of Credit and Default

We consider an economy comprising a large number of firms, one representative household and a
competitive banking sector characterized by one representative bank. Firms are identical ex ante

and operate over a single period. At the beginning of each period, firms enter the market and



decide the optimal levels of labour and capital inputs, before the technology and credit shocks are
realized. The capital investment is financed by borrowing from the banking sector, as well as a
capital injection from the household at the start of the period. The funds invested by the household
can be viewed as “private equity”. Technology shocks then arrive and firms combine technology
with capital and labour to produce a single output. Firms may default if the technology shock is
unfavorable, such that the firm’s revenue is insufficient to repay its debt (principal and interest
charges) to the banking sector. We assume that the product market is fully competitive and, while
some firms may fail each period, entry is free. The representative household consumes, receives
interest on its deposits held with the banks, wage payment for its labour services, and an ez post
lump-sum transfer (that could be negative) from firms at the end of the period.> The banking
sector takes deposits from the household at the beginning of the period, before the realization of a
credit shock to the bank’s balance sheet that affects the supply of loanable funds available to the
firms. The banking sector receives interest and loan repayments from non-defaulted firms at the

end of the period and seizes the revenue (if any) of defaulted firms to partially cover its losses.

2.1 The household sector

For the household decision, we consider the following standard optimization problem:

oo
max E TU(Chaiy Neg i) |Qet | 2.1
o VK 10} jz;)ﬂ (Cttjs Nitj) Qe (2.1)
subject to the budget constraint
Dt+1 = (1 + Tdt)Dt + WiNy — Cy — Sp + I, (22)

where U(Cy, Ny) is the one-period (instantaneous) utility function, Cy is the real consumption
expenditure, N; is labour hours and W; is the real wage rate paid for household labour. Dy is
the household’s holding of real deposits with the banking sector at the beginning of time t, rg is
the real return on deposits in period ¢, which is known at time ¢. S; is household’s real equity
investment (private equity) in the firms at the beginning of time ¢, and II;. is the household’s lump-
sum transfer from firms, realized at the end of period t.* Finally, 3 is the discount factor, where
0 < B <1, and E(:|Q) denotes the mathematical conditional expectations operator with respect
to the non-decreasing information set €., to be defined later. Note that we abstract from the
endogenous determination of equity holdings for the household sector to keep the model tractable
and assume that the household supplies an amount of equity that is determined by an exogenous
leverage factor. As we shall see later, it is important to consider equity finance in addition to debt
finance in this model; otherwise, we shall end up with excessively wide interest rate spreads and
unexpectedly high default probability.

We adopt the following specification of the utility function, popularized by Greenwood, Her-

3Non-defaulted firms transfer any excess profits to the household sector. The transfer from defaulted firms can
be negative, depending on the realization of technology shocks. Resource transfers and default settlements will be
discussed in detail later.

4The implicit rate of return on the household’s private-equity investment is given by IT;. /St — 1.



cowitz, and Huffman (1988, p.10),

1—y
U = [(C - ) 1] , (23)

where v > 0 is the coefficient of relative risk aversion and 1/x corresponds to the intertemporal
elasticity of substitution in labour supply, x > 0. Following Christiano, Eichenbaum, and Evans
(1997, p.1221), we have introduced a scaling parameter xo > 0 in (2.3), which is calibrated with

® One important property of this form of utility function is that the

other model parameters.
marginal rate of substitution between consumption and labour effort depends only on labour input.
Technically, this makes it easy to solve for Vi, given the real wage:
Un(Cy, N
_UCECtaNt; = Xo N7,

so that labour effort is determined independently of the inter-temporal consumption—savings choice.
As we shall see later, this function implies a labour-supply schedule that depends on the real wage
only and not on consumption.

The information set available to the household sector at the beginning of period ¢, ., can be
decomposed into a common component ¥, 1, and a private component O., which is composed
of information that is known only to the consumer at time ¢ (but not necessarily to all the other
agents), Qe = WUy_1 U O, where Oy = {ILye, i1 ¢, .5 ¢, St—1, ..; Cp; Digr, Dis Wi; Ny ra . The
common information set W;_; is publicly available and will be specified later.

The solution to the consumer’s optimization problem is obtained using the first-order conditions

with respect to Cy, Dy11 and N;. Specifically, we end up with (2.2) and the following equations:

Cior = TN
E B X (I +7ra0)[Qe| = 1, (2.4)
( RN C

Wy = XoNtX‘ (2'5)

2.2 Firms
2.2.1 Firms’ optimization problem

Each firm i is endowed with the following production technology,

Vit = ZENy' " Kg, for i =1,2,...,m, (2.6)

7

where K;; and N;; are capital and labour inputs, respectively, for firm ¢ in period ¢; Y;; is output
for firm ¢ in period ¢; « is the share of capital; and ¢ is a constant to be determined subsequently.
The technology variable, Z;;, is decomposed into an idiosyncratic component, A;, and a com-

mon business-cycle component, A;; that is,

Ziy = A Ay. (2.7)

For other examples of this form of utility function, see Meng and Velasco (2003) and Chapter 3 of Heer and
Maussner (2005).



It is further assumed that
Ay = Ap—1exp(p + uy), (2.8)

where u; is a serially correlated common technology shock that follows the first-order autoregressive
process,
Ut = Pylt—1 + Et, where g; ~ N(0,02), and |p,| < 1. (2.9)

The degree of serial correlation in the common technology shock, u¢, is determined by the autore-
gressive parameter, py.

Let a; = In A;, then the business-cycle component of the technology shock can be written as
ay = ai—1 + @+ pyus—1 + €. (210)

Also let A\t = In Aj;, and assume that A is serially uncorrelated and independently and identically
distributed across firms, A; ~ iid(O,a/Q\). Without loss of generality we also assume that &; and
A+ are independently distributed. Thus, z; = In Z;; = A\t + a¢, can be viewed as a single factor
model where the common factor, a;, is assumed to follow a unit root process. In this sense the
specification of technology is quite general and encompasses many other specifications entertained
in the theoretical macroeconomic literature.

Firms decide on capital and labour inputs before the arrival of the technology shock, Z;.
Further, part of the capital is financed through the equity investment from the household sector
at the beginning of each period, denoted by S;;, and the rest is borrowed from the banking sector,
L;; > 0; therefore,

Kit = Lyt + Si. (2.11)

The consumer’s contribution to capital acquisition can be viewed as private-equity investment with
possible gains/losses to be settled at the end of the period, once the shocks are realized. Note that
we assume that firms are owned by the household. From the household’s viewpoint, the leverage
ratio of firm ¢ is given by v; = K;;/S;i, and equation (2.11) implies that v; > 1 for non-negative

Lj;. The share of capital financed by the banking sector is then given by

i1
L = (” )Kt (2.12)

We assume that the leverage ratio of the firm is exogenously given and is time-invariant in this

version of the paper. It is easy to allow for time variation in v;, as long as it is assumed exogenous.
An endogenous formulation of the leverage ratio is also of interest but will not be attempted here,
since it falls outside the scope of the present paper.

Note that banks cannot observe the idiosyncratic technology shocks A, and as a result firms
are treated the same ex ante and receive an equal amount, L;, from the banking sector. We also
assume that the technology shock, Z;;, is not known to firm ¢ when choosing the optimal level
of labour and capital. The sequence of events is as follows: firms enter at the beginning of each
period ¢, with commitment from the household regarding private-equity finance, borrow from the
banking sector and acquire capital; then technology shocks arrive, and firms produce, sell output
and pay wages to the households. Firms either default or do not default, depending on the size of

the technology shocks, which we will discuss in detail later.



Having the firms acquire their entire capital stock, K;;, at the beginning of each period ¢
(together with the assumption of full depreciation of capital) is a modelling device to ensure that
firms are identical ez ante in each period t. It is also assumed that firms transfer any excess profits
to the household sector, so that a favorable technology shock to firm ¢ at time ¢ — 1 does not make
firm ¢ better off at the beginning of time ¢, relative to the other firms. The one-period nature of
the firms’ problem enables us to model firm defaults in a tractable manner.

For each firm ¢, K;; and N;; are derived by solving the following optimization problem:

oo
max E <Z Mgl ps|Q m) : (2.13)

{Ki7t+57Ni,t+3775:07172“‘} s=0

where €1 ;; is the information set available to firm 7 at the beginning of time ¢, m; is the stochastic
discount factor (under the assumption that the representative household owns the firms). The

firm’s profit function, Il¢;, is given by
Ui = Yie — WilNig — (14 71 Kit,

where r; is the real interest rate on capital in period ¢, which is known to the firm at the beginning
of time t and output Yj; is given by equation (2.6).

We decompose the information set of firm i at the beginning of period ¢, {2 ;; into the common
component, ¥;_1, and a private (or firm-specific) component © ;. For each firm i, namely Qy;; =

Uy 1 UBOy ¢, where Of; is given by

Orit = {MNi—1,Nir—2,..;Yie—1, Y2, s Kit, Kip—1, ..
NitsNig—1, 5 Ligy Lig—1, s Wi 1 T 03

The first-order conditions for firm 4’s optimization problem yield the optimal levels of capital

and labour inputs and are given by

E

it

Ni l—«
a (N Ay)? <K > |Qf,it] = 1+, (2.14)

E [(1 — ) (A Ay)? (I; )a nyﬂ-t] = W (2.15)

it

These equations state that the expected marginal products of capital and labour are equal to the
return on capital and the wage rate, respectively.

Given the independence of \;; and the innovation to a;, we have
E(AGAL Qi) = E(€2|Qp00) E(€|Qp00).

We define the moment-generating functions of A and e by My (p) = E(e?*it|Qy;) and M.(¢) =
E(e#°t|Qy 1), respectively, assuming My (y) and M. (y) exist. Using equations (2.10) and (2.14),

5The stochastic discount factor associated with the household utility function is given by my;s = 38° %



it can be shown that the optimal capital-to-labour ratio is identical for all firms, and is given by

1
K; MM, \ T« _ _
it _ (Oé A M > exp |:90(at 1+ i+ pute—1) ’ Vi, (2.16)

N; 14+ ry 11—«

where we denote My = M)(y) and M. = M.(p) to simplify the notation. Recall that we have
assumed firms to be identical ex ante, that is, N; and K are independent of ¢ and depend only on
last period’s technology shock, since N;; and K;; are chosen before the realization of this period’s

technology shock. In equilibrium we must have
Kit = Kt, Nig =Ny, Lip = Ly, vi=v Vi, (2.17)

where K; = m™ %] Ky, Ly = m™ 'S, Ly and Ny = m~ 12 Ny

To determine the optimal level of capital and labour, respectively, note that equation (2.5) in
the household optimization problem and the ratio between the first-order conditions (2.14) and
(2.15) imply that

14+x
X Nt

Ky = : . 2.18
T loa 14 (2.18)
Using equations (2.16), (2.17) and (2.18), we also derive the following expression for optimal labour
hours )
]- - —_— e T X _ —
Ny = ® (@MAML) T (14 1) 1‘@] " exp [W(at L et puten) | (2.19)
XX X(1—a)

It is assumed that the rate of return on capital is identical to the rate of return on loans,
rie = 1. A wedge can be introduced between the two rates of returns by introducing information
asymmetries and monitoring costs. However, to keep the analysis simple and tractable, we abstract

from these complications.

2.2.2 Firms’ default condition

We allow for the possibility of firm defaults in our model economy. Firm i is expected to default
if the technology shock to the ith firm is unfavorable, such that the value of the firm after wage
payments, which we take as Y;; — W;Nj; (since price is normalized to 1) falls below a threshold
value determined by its callable liabilities, which we take as the repayment of loan Ry L;:, where
Ry = 1+ ry. See, for example, Merton (1974), and Pesaran, Schuermann, Treutler, and Weiner
(2006). Our set up avoids the need for collateral or monitoring by banks since all firms are ex ante
identical and the bank relies on the diversification of idiosyncratic shocks across firms as a form of

insurance. The default condition is such that firm ¢ defaults if and only if
Y — WiNy < Ry Li;. (2.20)

To determine the probability of default, we first define (;; = A4 + ¢, and note that, under our
assumption, (; ~ iid(O,ag), where a? = o2+ U?\, and ( has the following moment-generating
function

M = M(p) = E(e#4|Q50) = MyM..



Equations (2.5), (2.6), (2.12), (2.14), (2.17) and (2.18) imply that firm i defaults if and only if

et 1 1 L 0 2.21
—(1-a)—a(l—-) <0, :
i (@) el ) (2.21)

since K, 1 4+ r;; and « are positive. Alternatively, the default condition can be written as

In(1—2)+1InM
Git < ( ”SZ = w. (2.22)

Let d;+ denote the default indicator, defined as
diy = I(Gt < @), (2.23)

where I(A) takes the value of unity if A holds or zero otherwise. Default occurs if the combined
technology shock (idiosyncratic and common) falls below a certain threshold wi, defined in (2.22),
which is common to all firms.

The probability of default depends on the probability distribution of (;;. Under the assumption

that the shocks are normally distributed, we have

2 2 2 2 2,2
Ma:exp<¢;€>, MA:exp<Qp;)‘>, MC:eXp<g024>, (2.24)

and the default probability is given by

k= PGt < wl‘Qf,it) =

In(1-2) oo
o +5 (2.25)

where ® () is the cumulative distribution function of a standard normal.” Under our assumptions,
the probability of default  is time-invariant, but it is clear that time variation in x can be allowed
for by introducing time variation in the volatility of technology shocks. This is in line with the
recent literature by Bloom (2009). The economy-wide default probability depends on the following
deep structural parameters in the model: «, the share of capital; v, the leverage ratio of firms; ¢,
the exponent of technological process; and o, which depends on o, and oy, the standard deviation
of common and idiosyncratic technology shocks, respectively.

The partial derivatives of x, with respect to the firm’s leverage factor v and the standard

deviation of the combined technology shocks o are given by

ok « In(1-2) o,
os In (1 - %) © In (1 — %) Yo
E = [_(,OUE + 5 . ¢ po¢ + 5 > O, (227)

since the density function of a standard normal distribution, ¢(-), is positive, the firm’s leverage

factor v is greater than or equal to 1 (and therefore ), In (1 - %) < 0 and the parameters «, ¢ and

"The moment-generating function of a random variable X is defined as Mx (t) = E(e'¥), t € R, wherever this

o2
expectation exists. For a log-normal distribution where Inz ~ N(u, 0?), all moments exist and E(x) = e/t 'z .

10



o¢ are positive. Therefore, the default probability rises with v, as firms become more leveraged and
more dependent on bank finance; and it rises with the volatility of combined technology shocks,

o¢, as expected.

2.2.3 Resource transfers and default settlements

Two outcomes can arise after the realization of technology shocks.

Outcome 1: Firm i does not default (Y;; — W, N;; — R;;L;; > 0). As we have shown earlier,
Yit — WiNiz — Ry Lz > 0 if and only if {;; > @i, which occurs with a probability of 1 — x. When
firm ¢ does not default, the bank is repaid the principal and interest on the loan, R;;L;, and the

household receives a non-negative transfer from the firm after wage payment:

ILi = Yi—WiNy — RyLy > 0,if firm ¢ does not default,
ILw = RyLi, if firm 7 does not default.

I; 4 is the compensation the household receives for its equity investment in the non-defaulted firm

i.

Outcome 2: Firm i defaults (Y;; — W, Ny — R;;Liy < 0). When firm ¢ defaults, it is unable
to repay the loans, Ry L, to the banking sector. The bank instead seizes the revenue of the
defaulted firm after wage payments, if this value (Y;; — W;N;) is positive; otherwise, the bank gets
no payment. The household bears the rest of default losses and receives a zero or negative transfer

from the firm after wage payment. More specifically,

e = Min(0,Y; — WyNy), if firm ¢ defaults,
ILiw = Max(0,Yy — WiNy), if firm ¢ defaults.

Depending on the realization of technology shocks, there are two subcases resulting from Outcome
2 to distinguish. In the first sub-case, firm ¢ defaults and the transfer to the household is negative
(Yie — Wi Ny <0).

Using equations (2.5), (2.6), (2.14), (2.17) and (2.18), we have the condition that Y;;—W;N; < 0

if and only if
ewcit

M

- (1—-a) <0, (2.28)
since K;;, R;; and « are positive, which is given in logarithm by

In(1 — «) 90‘7?
* 2

= wW9.

Git <

The probability 7 that the household receives a negative transfer is therefore

In(l — « o
( )+<p<

T= P < w2|Qf,it) =9 oo 5 |

(2.29)
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which is independent of 7 and t. The household and the bank receive a negative and zero transfer
from the firms, respectively, where II; ;. = Yiz — W; Ny < 0 and 11, 4, = 0.

In the second sub-case, firm i defaults and the revenue generated is sufficient to cover wage
payments, (0 < Y — Wi Ny < RyjyLit). This scenario arises if and only if the combined technology
shock, (;t, lies within the range given by wy < (j; < wi, with a probability of x —7. The household
receives zero transfer after the wage payment and the bank seizes the revenue of the defaulted firm

after wage payments, where II; ;. = 0 and 1I; 4 = Y3 — Wy Ny > 0.

2.2.4 Aggregation

To study the equilibrium conditions of the aggregate model economy, we consider the cross-sectional

average of firm output, defined by

m oy moepAit
v, = iz Y _ <Zz=;n€ ) APNIOKE,

But since \;; is assumed to be identically and independently distributed and E(e#*it) exists, then

according to the law of large numbers we have

™ opXit
Elrlne 2 Be(eP) = Ma(p) = M,

where E..(e#*) is the cross-sectional expectation of e#*it. Therefore, aggregate output is given by®
Y; = My\AY N K. (2.30)

Recall that the household and banking sector receive a transfer from the firms after production,
the amount of which depends on the realization of technology shocks. By denoting with Il;. the

average transfer to the household and Il the average transfer to the banking sector, we have
Y — WilNy = e + g, (2.31)

where II;. and Il comprise the payoffs from both defaulted and non-defaulted firms:

. Yot (T —die) (Yie = WyNyy — Ry Lig) + >0 dig Min(0, Yy — Wi Ny)
M, = . (2:32)

m
Yoty digMaxz(0, Yy — WiNy) + >0 (1 — dig) Lis Ry
m

I, =

(2.33)

We evaluate Il in equation (2.32) by first noting that Min(0,Y;; — W;N;;) can be written in

terms of the following indicator function:

Min(0,Y; — WiNy)
= (Gt <w2)- (Yir — WieNip) + I(w2 < (it < 1) - 0.

81t is relatively easy to allow M to be time-varying.
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Recall that di; = I((; < @1), therefore
ditMin(0,Yi — WiNi) = I(Gt < w2) - (Yie — WilNit).
According to the law of large numbers, for large m,

mod;
Z:z7=nlt L E(dy) =k Viandt,

where  is the probability of default.

The average output of the defaulted firms can be expressed as

m m .
21:1 ditYit B Zizl ditewklt

AP NSO K
m m

Note also diy = I( A\t + &¢ < w1) = [(Ait < w1 — &¢). According to the law of large numbers,

MmNt [( N\ < _ w1 —€t
Lz &7 (Mg < @1 — &) &/ e?® fa(x)dz, as m — oo,

m — 00

where fy(x) is the probability density function of \;.

Lemma 1 In the case where A\it/ox ~ N(0,1), and hence fx(x) = ¢(x/oy) is the normal density,

we have
w1 —¢Et
/ e?? fa(z)dr = Mys1(et),

—00

where My, is given by (2.24) and

Gi(er) = @ (M) . (2.34)

Ox

Proof. See Appendiz A1. m

Following from Lemma 1, for large m,

eril ditY;‘t

- L My (1) AP N OKY = 61 (1) Y,

Finally, using the law of large numbers and Lemma 1, it can be shown that

Yo I(Ge <w2) p

- T,
m
T I\ < w2 — &)Y
Dimy T(Nit < w2 — &) Vit LN w(e)Ys,
m
where 7 is given by (2.29) and
w9y — &t — Ui(p
@) =0 ———mM— ). (2.35)
O

The transfer of resources from firms to the household sector, Il;., and the banking sector, I,
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are therefore given by

e = [—qi(e)]Ye — (WiNe + Ry Li)(1 — k) + 2(e0) Yy — TWi N, (2.36)
th = thLt(l — Iﬁ:) — (Ii — T)WtNt + [(1(6,5) - §2(5t)] Y}, (237)

where Y, K, ¢1(¢) and ¢a(g¢) are given in (2.30), (2.25), (2.34) and (2.35), respectively.

2.3 The banking sector

The banking sector acts as the financial intermediary between the household and the firms. It
receives deposits, Dy, from the household at the beginning of time ¢ and channels these deposits

to loans, L;, extended to the firms. We postulate the relationship between L; and D; as

L; = 0,Dy, (2.38)

where 6; is assumed to be exogenously given. Equation (2.38) allows us to introduce shocks that
originate on the supply side of credit and to study their propagation in the real economy, in a
tractable manner.

One interpretation of (2.38) is that the banking sector is required to deposit some reserves,
B;, with the central bank, through which the central bank is able to influence the amount of
bank credit available in the economy (see, for example, the bank balance sheet in Freixas and
Rochet, 2008). In this case, Ly + By = Dy, where B; = (1 — ;) D;. The purpose of a compulsory
reserve requirement as a policy instrument can be twofold. When the economy is overheating
and the level of fixed investment is high, the central bank can raise the reserve-requirement ratio
(1 — 6,), to curb credit expansion and reduce the inflationary pressure in the economy, in which
case the reserve requirement acts as a countercyclical policy tool. Alternatively, when lending risk
is high (for example, owing to an increase in firm default probability), the central bank may raise
the reserve-requirement ratio to ensure that the banking sector puts aside sufficient reserves to
cushion the impact of higher bank losses due to firm defaults. Further, 8; can be interpreted as a
macroprudential policy tool, where the financial regulatory authority targets the volume of loans
extended to the real economy, to dampen procyclicality in the credit cycle. In both cases, 8; will
be less than 1.

However, one could also consider the case where 6; is greater than 1. This is possible when
banks are allowed to issue securities (IOUs) that are not backed by deposits. These securities
could potentially be guaranteed by the central bank in event of a bank run (not modeled in our
framework). The central bank can also be a source of additional liquidity to the banking sector, as
seen in the recent financial crisis. To model this possibility explicitly, one would need to introduce
the price level and inflation into our framework, since the central bank’s credit provision could lead
to inflationary pressure in the economy. Given the relatively simple and canonical characterization
of the banking sector in our model, we abstract from pinpointing the exact source of the credit
shock; instead, we investigate all three different scenarios where the mean of 6;, denoted by pyg
below, is less than, equal to and greater than unity in our calibration and simulation exercises.

For the banking sector to be solvent, the following condition must be satisfied: the end-of-

period asset position of the banking sector must be greater than or equal to the liabilities of the
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banking sector. Assume that the banking sector makes zero profit and, in equilibrium, we have
(1 +74) Dy = gy, (2.39)

where Iy, the transfer from firms comprising loan repayments from solvent firms and the confis-
cation of assets of defaulted firms, is given by equation (2.37).

The exogenous process for the loan-to-deposit ratio, 6;, is assumed to follow
Ind; = pgInb;_1 + ny, (2.40)

where |pg| < 1, and n, ~ N (,un,ag). The distribution of Iné; is therefore given by Inf; ~
2

N (1f ’;9, 13173 ). Using the properties of the log-normal distribution, we have

1 o2
E(6;) = E(e™%) = exp <1 ﬁnpe + 21 _np2> = Ko,
0

where 11y is the mean of the loan-to-deposit ratio. p, and E(Inf;) can be expressed in terms of pp,

oy, and pg, as follows

1 o}
Py = (1—Pe)ln(#0)—§1+p9,

(2.41)
1 o}

0

(2.42)

Finally, for completeness, the information set for the bank ; can be written as Qp = ¥y U
Op¢, where Oy contains information that is known to the bank at the beginning of time ¢ and
Opt = {Il, IT4—1p, ... rat; 71e5 Le; Dy; 0¢}. As in Binder and Pesaran (1998, 2001), ¥;_; is a common
information set, containing all the publicly available information at the beginning of period ¢ that

is common to the household, firms and the bank:

Uiy = {Cio1,Cio, i K1, Ky, .Y 1, Y9, .5 L1 Lo, ...; Dy 1, Dy_o, ..
Ni 1, Np—oy oo s WA Wi oy 5T q 1, Td =25 5 Tt =15 T1t—25 +v3 Et—1, E4—2,001
Bi 1,01 0,..}.

3 Short-Run Equilibrium Conditions and Long-Run Steady States

3.1 Equilibrium conditions

The complete set of equations that characterize the equilibrium conditions of the model is given
by equations (2.2), (2.4), (2.5), (2.18), (2.19), (2.30), (2.31), (2.37), (2.38), (2.39) and the aggre-
gate version of equations (2.11) and (2.12). We set out below the key equations of the complete

macroeconomic framework again for convenience:
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Wi
Dy

Ky

Ny

Ly
Iy
Ky
Ly
Iy
e

where

E |8 (Ct-H - 1XJ£XNt1++1X> B Riii11Qet |
Cy — L& N,/ ’
Xo VT,

Ry Dy + WiNy — Cp — Sy + Ty,

oxe N

1—« th ’
1
[1 @ (OZM)\ME)lla] * (th)fﬁ exp [So(atl + it putiia)
axy X(l - a)

MyA? N K2,

1
1—- K,
(1- K,
RdtDt7
L + St,
etDta

thLt(l — Ii) — (/i — T)WtNt + §(6t)Y2,
Y — Wi Ny — I,

)

o¢ 0¢
2 2
W] — €t — 03P W2 — & —O\Q
o - o(B). - (B,
In(1-¢ po? In(l -« ©o?
o = ( v)+ C’ g = ( )+ C7
© 2 ® 2
2 2 2 2
M)\ — eXp <<1020—)\)7 Mg — eXp <<)02O-€)7
th = 1+7“lt and Rdtzl“‘rdt-

There are 12 equations governing the macroeconomy, (3.1) to (3.12), in 12 endogenous variables
Cy, Wy, Ny Dy, Sy, Ly, Ky, Ye, iy, i, Ry and Ry. The model is subject to two exogenously

determined processes, the technological process, a;, and the credit shock to 6;, governed by

ag = ai-1+p+ug, where up = pyuz—1 + &, (3.13)

Inb; = pglnbi_1+ n. (3.14)

We combine equations (3.3), (3.8) and (3.12) to obtain the economy-wide budget constraint in
our model

Y, — Cy = Sy + Diy, (3.15)

which shows that the composition of output net of consumption (savings) is in the form of ‘private-
equity’ investment, S¢, and deposits, Dyy1.

From simulation exercises, we find that ¢(e;) is very small for reasonable parameter values of
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a,v, X, 02 and O'i. As a result, we approximate equation (3.11) with the following expression®:

th == thLt(l - IQ) - (K/ - T)WtNt.

We assume that a central planner with a common information set, {2;, solves the system of
equilibrium conditions. The common information set, €);, which is known to the planner at time ¢
is defined by

Q=T 1 UB,UOL U (UM Of).

Note that the variables Cy, Dyy1, Ly, Ky, Sty Ney Wy, Rat, Rz, Ye, e, iy, v, 6, and g4 are included

in the planner’s information set €2; at time t.

3.2 Derivation of steady states

Since this model depicts a growing economy where the technological process, a;, contains a unit
root as well as a deterministic growth component, p, we must scale the endogenous variables Ct,
Ly, Dy, Sy, Ky, Wy, Ny and Yy in the system of equilibrium conditions by an appropriate factor of
technology, A;_1, so that the transformed variables are stationary on a balanced growth path, to
guarantee that the model possesses steady states. We shall also assume that the real interest rates
are stochastically bounded (bounded in probability), that is, R;; = O,(1) and R4 = Op(1), which
is in line with the empirical evidence on U.S. real interest rates series.'”
Proposition 1 To guarantee the existence of steady states in the economy defined by equations
(3.1) to (3.12), and the processes of the exogenous variables given in equations (3.13) and (3.14),
the exponent of the technology process, Zi, in the firm’s production function (2.6) must be restricted
v (1—a)x

p = Ty (3.16)

Proof. First note that (3.5) can be rewritten as

11—« 1] x o [ g o+ putie—1)
= -« (I-a) a )x _—
Ny o (aMyM;)T ] (Rit) X [At_l ] exp [ =) . (3.17)

Assuming that real interest rates are bounded in probability and u; is stationary, we have
e
N; =0, [At(:m} : (3.18)

If we scale Ky by Ai—1, equation (3.4) becomes

1+x 4—1

K ( Xy > Ny A
3.19

A (3.19)

- 11—« th

9Under the baseline parametrization of the model, the average value of ¢(g;) is very small, at 0.0062 for 100,000
simulations.

10«Boundedness in probability” is defined as follows: the sequence X, is bounded in probability, written X,, =
Op (1), if for every € > 0 there exists §(e) € (0, 00) such that Pr[|X,| > d(g)] < € for all n.
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Therefore, to ensure that ﬁ is bounded in probability, (3.19) implies that

_1
N; =0, <A;_+f> : (3.20)

But, for the results of (3.18) and (3.20) to be compatible, we must have the condition ﬁ = ﬁ
_ (I-a)x

or Y =

as required. M

Remark 1 The expressions for the endogenous variables (except for the interest rates) in efficiency

units are giwen by Cy = A?ilv L, = —Aﬁl, Sy = —Afil, Dy = T]?_tl? K = —Alf_tl, Wy = 714?_/‘/}1%)0,
° ° X
Ny = ﬁ andY; = Ai/il. In particular, equation (3.2) implies Wy = xo N} = Op(A;7Y), which
X °
implies that Wy must be scaled by A, 'Y, to ensure that Wy is Op(1).
The growth rate of technology is given by
et putu Ut
9= =¢ = (14 g)e™, (3.21)

where u; = pus—1+e¢, and e = 14¢g. In what follows, we denote the natural logarithm of variables
with lowercase letters, that is ¢ = lnét, and denote the steady state of variables with lowercase
letters with an asterisk, ¢*.

When deriving the steady state, standard macro models set the shocks equal to zero and,
in effect, abstract from any possible non-linearities in the steady state relations of the model.
One limitation of the standard first-order perturbation approach is that the solution displays the
certainty equivalence property, where the first-order approximation to the unconditional means
of endogenous variables coincides with their non-stochastic, steady-state values, and therefore, by
construction, rules out a risk premium in the steady state (Schmitt-Grohe and Uribe, 2004). Here
we propose an alternative method where the steady-state relations of the model are derived from
unconditional expectations of the model’s relations in terms of the log of the variables measured in
efficiency units. In our solution approach, the steady state of log consumption in efficiency units is
defined as ¢ = E(InCy), and the steady-state loan rate is given by rj = E(In Ry) ~ E(ry;), which
differ from the standard first-order perturbation approach in two aspects. First, we define steady
states as the unconditional expectation of the log of the variables in efficiency units, rather than
the variables themselves. Owing to the non-linear nature of the log operator, certainty equivalence
no longer applies in the model solution, which allows us to study the role of the risk premium
explicitly. Second, we consider in efficiency units all variables (except for interest rates), scaled by
technology shocks, so that the transformed variables are ergodic, despite the presence of a unit root
in the technology process. Using this approach and the properties of the log normal distribution,
we are able to express the steady state of shocks as a function of their mean and standard deviation,
therefore allowing for explicit consideration of risks in the steady state, without using second- or
higher-order perturbation methods (see, for example, Schmitt-Grohe and Uribe, 2004 and Devereux
and Sutherland, 2011).
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The steady state of the system of equilibrium conditions is therefore given by'!

o a(l—1
E(ing) +d* = Iny, +In (1_1’) + (14 x)R* — 7, (3.22)
A= —lnxo—l—lln[l_a(aMM)ll] Y (3.23)
- x x L oa M l+x (L-a)x " '

o % M>\ o % Fk
7 = In 1-1p + o+ (1 —a)n®™ + aE(Inb;) + ad”, (3.24)
eV — e = e‘i*ﬂ‘ + b et (Infe)+d” (3.25)

v—1 ’

ry = yu—Inp, (3.26)
eT:lero* = eT;JrE(l"Gt)HZ* (1—kK)—x,(k— T)e(HX);L*, (3.27)

where o, v, X, u, 7, 8 and X, are parameters of the model, which will be calibrated at a later stage.
My and M, are defined in (2.24), x and 7 are given by equations (2.25) and (2.29), respectively,
E(In#) is given by equation (2.42), and ¢ must satisfy equation (3.16) in Proposition 1.

3.3 Log-liberalization

Consistent with the above derivation of steady states, we log-linearize the system of equilibrium
equations around the log steady state values obtained by solving (3.22) to (3.27). We denote the

log deviations from the steady state as =6 — ¢*, where ¢ = In ét, then
Cr=eme +e (¢ —¢)=e"(1 +Et).

Also ﬂl\gt = Ing; — E(Ing;), where using (3.21) we have Ing; = p + uy. Hence, ﬂlgt = u =
Pulit—1 + €¢. Similarly, for the logarithm of the loan-to-deposit ratio, lfﬂét = In6; — E(Inb),
and since Inf; = pglnb;_1 + 1, then E@t = pg@t,l + ¢, where 7, = n — (1 — pg) E(Inby).
However, using (2.42), and recalling that by assumption 7; ~ N(H7770727)7 it then follows readily
that, n; ~ N(O,a%).

The log-linearized approximation of the equilibrium conditions of the model are therefore given
by2

& —any = E (gtJrl — arip — as?d7t+1|ﬂct> + azuy, (3.28)

G+ (14 as+a6)y, — agder1 = aady + aguy + asln by, (3.29)
Ng+ —————Ty = Ut—1, 3.30

A el Tt (3.30)

Far — T = Inb, (3.31)

Ui — (L+ox) e +aiy = gu, (3.32)

A+ —7 = dp+1nby, (3.33)

1The detailed derivation of the steady-state conditions can be found in Appendix A2.
2Note that E (ut|Q%et) = u¢. The derivation of the log-linearized approximation of the equilibrium conditions can
be found in Appendix A2.
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where

1-b
ar = bl(1+X)7 CLQZ].—b]_, az = 71’

]. D*iw 5 -t
o BInfy)+d*—¢é . ag = el tu—c by = Xo

1y )i —é*
v—1 14+ x .

a, = 6(

There are six equations as set out in (3.28) to (3.33) for six endogenous variables, ¢, dy, ¥;, 1z,

rq; and 7y, which are all known to the planner at time ¢.

3.4 Impulse responses

In our simulation exercises, we are interested in the impact of a positive credit shock on business-
cycle dynamics. We compute the impulse responses to a credit shock following Koop, Pesaran, and
Potter (1996) and Pesaran and Shin (1998), since the generalized impulse response functions offer

more modelling flexibility.

Proposition 2 Under the system of equilibrium conditions set out in equations (3.28) to (3.33),
it follows that:
(a) A credit shock has a negative impact on the interest rate spread, Tjy — Tgz.

(b) The level of labour hours and the loan rate respond in opposite directions following a credit shock.

Proof. The impulse responses implied by equations (3.30) and (3.31) can be written as

a b
an(h)+mc:f,.l(h) = 1 Cl(h=1), (3.34)
GI, (h) — GI, (h) = Glip(h), (3.35)

Result (a) follows from equation (3.35), which shows that the impulse response of the interest rate
spread depends on the credit shock, and that a credit shock has a negative impact on the interest
rate spread. Result (b) follows from equation (3.34), where GI,(h) + Tax G, (h) =0, following
a credit shock. m

4 Parameter Calibration

Following much of the literature, the capital share, «, is set to 0.35, the discount rate r to 1.6
per cent per annum (0.4 per cent per quarter), which gives § = 0.996. Following Greenwood,
Hercowitz, and Huffman (1988), Christiano, Eichenbaum, and Evans (1997), and as is standard in
business-cycle analysis, the coefficient of risk aversion, =, is set to 1. For 1/y, the intertemporal
elasticity of substitution in labour supply, Greenwood, Hercowitz, and Huffman (1988) argue that,
for a representative household, 1/x should summarize the variation in labour of all members of
such a unit, both at the intensive and extensive margins. These authors suggest that a reasonable
value of 1/x should lie in the range of 0.3 to 2.2. In our calibrated exercise, we select a mid-point
value in this range and set 1/x = 1.4, or x = 0.7. The scaling parameter, xo, in (2.3) is chosen so

that the steady-state value of labour hours in efficiency units is set to unity, namely N*=¢ =1.
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Table 1: Model Parameters

Preference Value Source
y coefficient of risk aversion 1 Christiano et al. (1997)
X inverse of the intertemporal elasticity of 0.7 Greenwood et al. (1988)
substitution in labour supply
8 discount factor 0.996
Technology
pu  coeflicient of autoregression in a common 0.439 U.S. data
technology shock
e standard deviation of a common 0.011 U.S. data
technology shock
I deterministic trend in technology growth 0.003 U.S. data

Production and firm financing

« share of capital 0.35 BGG
v firm’s leverage factor 1.43 U.S. data
K probability of default 0.086 Moody’s (2012) and BGG
Credit
po  coefficient of autoregression in 0.848 U.S. data
a credit shock
o,  standard deviation of a credit shock 0.011 U.S. data
o mean of loan-to-deposit ratio 0.95, 1, 1.05

The remaining parameters, p,, oc, p, v, pg, 0, and oy are calibrated using U.S. quarterly time
series data covering the period 1985Q1 to 2009Q4.'% Following the literature, we use the Hodrick-
Prescott (1997) filter to extract the cyclical components from the data series, with a smoothing
parameter value of 1600, which is recommended for quarterly data.'* To derive the standard
deviation of common technology shock, o., from U.S. data, we first detrend the log of the per
capita real output series. The standard deviation of the cyclical component (as a proxy for the
innovation to common technology shock, ;) is found to be 0.011, similar to the value used in Romer
(2006). The deterministic trend in technology growth, p, is obtained by calculating the mean of
the growth rate of per capita real GDP in logarithm in the United States between 1985Q1 and
2009Q4. p is found to be around 0.003, which implies a per capita output growth rate of around
1.2%, per annum. The autoregressive coefficient of the growth rate of per capita real GDP (in
logarithm) is 0.439, which is taken as the coefficient of autoregression in the common technology
shock, p,. To match an annualized default probability of around 3.4 per cent (a quarterly rate of
0.86 per cent), consistent with BGG and the rolling 12-month quarterly default rate of U.S. private
firms provided by Moody’s from 2000 to 2009, we set the standard deviation of the idiosyncratic

13 A detailed description of the U.S. data series used for calibration can be found in Appendix B.
“For details on the HP filter, see, for example, King and Rebelo (1993) and Hodrick and Prescott (1997). The

cyclical component yi of the series extracted by an HP filter is defined by (in the infinite sample version of the HP
filter) yf = %yt, where y; is the original time series, L is the lag operator and A is the smoothing
parameter. Alternative approaches for permanent—transitory decomposition include the Beveridge-Nelson procedure
(see, for example, Garratt, Lee, Pesaran, and Shin, 2006).
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technology shock, oy, to 0.43.1°

We calibrate the values for the standard deviation and the autoregressive coefficient of the
credit shock using U.S. data on loans and deposits between 1985Q1 to 2009Q4. First, we define
a series that is the difference between the logarithm of per capita loans and the logarithm of per
capita deposits. We then detrend the series using an HP filter (with the smoothing parameter of
1600) and take the cyclical components of the series as a proxy for n;. The standard deviation of
the series, oy, is found to be 0.011, and the autoregressive coefficient of the credit shock process,
Py, is estimated to be 0.848.

The leverage factor of firms is derived using the Federal Reserve Flow of Funds data, Table
L.102 (levels data) on U.S. non-farm non-financial corporate business, following Fiore and Uhlig
(2005). Debt is defined as bank loans and corporate bonds (lines 39+26), and equity is defined as
the market value of equities outstanding (line 37). The proportion of debt finance in total finance
between 1985Q1 to 2009Q4 is around 30 per cent, which implies a firm leverage ratio of around
1.43.'6 Finally, we consider three different values of 19, the mean of the loan-to-deposit ratio in

our calibration exercises, g = {0.95,1,1.05}.

Table 2: Steady-State Values and the Loan-to-Deposit Ratio

Steady-state values
r rf N* WF c* Y* K* L* S* D*

0.95 | 0.007 0.121 1 0.350 0.369 0.538 0.167 0.050 0.117 0.053
1o 1 10.007 0070 1 0360 0.373 0.553 0.181 0.054 0.126 0.054
1.05 ] 0.007 0.021 1 0369 0.376 0.568 0.195 0.058 0.136 0.056

Note: The steady-state values are computed based on the parameter values given in Table 1. The steady
state of labour hours in efficiency unit N* is normalized to 1.

The steady-state values of the model variables in efficiency units provided in Table 2 are ob-
tained using equations (3.22) to (3.27). It is interesting to note that, in the steady state, output
per capita, consumption per capita and capital per capita in efficiency units rise with g, which
measures the availability of loans and the extent of leverage in the banking sector. This finding
suggests that, as the banking sector becomes more leveraged and the extent of financial intermedi-
ation increases, the steady-state level of output per capita in the economy tends to be higher. This
result is consistent with empirical studies of the relationship between finance and development,
where a more developed banking sector is often associated with faster economic development (see,
for example, Levine, 2005). Note also that, when the banking sector becomes more leveraged, the
interest rate charged on loans tends to fall. For example, when gy increases from 1 (no leverage)
to 1.05, the real loan rate falls from an implausibly high rate of 7 per cent per quarter (28 per cent
per annum) to around 8 per cent per annum, yielding an interest rate spread of around 5 per cent
per annum, which is more reasonable. The results suggest that, in order to meet the break-even

condition, in equilibrium the banking sector could either charge a high interest rate on loans to

15See, for example, Moody’s (2012). The data source is Moody’s Analytics Credit Research Database (CRD),
which collects quarterly data from 15 U.S. lending organizations, representing both large institutions and smaller
regional banks. The CRD definition of default is consistent with the Basel II directive.

16This result is very similar to Fiore and Uhlig (2005), who find that the debt to total finance ratio is around
0.3 and a leverage ratio of around 1.43 for US non-farm, non-financial corporate business sector, using the shorter
sample period of 1997 to 2003.
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cover the losses resulting from firm defaults, or take on more risks by increasing leverage, in the

form of security issuance, for example.

Table 3: Steady-State Values and Default Probability

Steady-state values Default Prob
7 v, N* W c* Y K* Lr S* D* K

Panel A
1.25 | 0.007 0.033 1 0.367 0.373 0.564 0.191 0.038 0.153 0.038 0.0026
v 143 | 0.007 0.070 1 0.360 0.373 0.553 0.181 0.054 0.126 0.054 0.0086
1.67 | 0.007 0.148 1 0.345 0.370 0.531 0.160 0.064 0.096 0.064 0.0233

Panel B
0.001 | 0.007 0.070 1 0.360 0.373 0.554 0.181 0.054 0.126 0.054 0.0086
oo 0.011 | 0.007 0.070 1 0.360 0.373 0.553 0.181 0.054 0.126 0.054 0.0086
0.110 | 0.007 0.085 1 0.357 0.372 0.550 0.177 0.053 0.124 0.053 0.0105

Panel C
0.33 | 0.007 0.013 1 0369 0.372 0.568 0.196 0.059 0.137 0.059 0.0009
oy 043 | 0.007 0.0/0 1 0360 0.373 0.553 0.181 0.054 0.126 0.054 0.0086
0.53 | 0.007 0.221 1 0333 0.369 0.513 0.144 0.043 0.101 0.043 0.0281

Note: The steady-state values in Panels A, B and C are computed based on the parameter values given in Table
1, with pp=1 and the values of v, o and oy given in this table, respectively. The steady state of labour hours in
efficiency unit N* is normalized to 1.

Since an important focus of this paper is to examine the impact of firm defaults on macroe-
conomic conditions, we also compute the steady-state values of the model economy by varying
some of the key parameters that determine the equilibrium default probability, namely, the lever-
age ratio of the firms, v, and the standard deviations of common and idiosyncratic technology
shocks, o and 0. Recall from (2.26) and (2.27) that default probability rises with a firms’ lever-
age ratio and the standard deviations of technology shocks. The results in Table 3 confirm this
prediction in the steady states. For the firms’ leverage ratio, v, we consider three scenarios with
v = {1.25,1.43,1.67}, where the proportion of debt finance to total finance is 20 per cent, 30 per
cent (U.S. data), and 40 per cent, respectively. As the results in Table 3 show, the probability
of default rises from 0.086 per cent to 2.33 per cent per quarter when the leverage ratio increases
from 1.43 to 1.67, and the interest rate on loans doubles from 7 per cent to 14.8 per cent. We
also observe a fall in the steady-state levels of per capita consumption, output and capital, when
the firm’s leverage ratio rises, despite an increase in the level of loans per capita, since a larger
proportion of the loans are non-performing and the steady-state value of private equity per capita
is falling (the substitution effect). As expected, the probability of default rises with the volatility
of common and idiosyncratic technology shocks (see Panels B and C of Table 3). The steady-state
levels of per capita output, consumption and loans decline with increased volatility. Finally, note
that in the steady state, V¥ = C* 4+ S + lo)*; that is, output is divided into consumption and
savings, comprising private-equity investment, S *, and bank deposits, lo)*, as implied by equation
(3.15).
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5 Results of the Calibration Exercise

5.1 Effects of credit shocks

We consider the impacts of a positive credit shock.!” As can be seen in Figure 1, the impulse

responses for a positive credit shock yield an increase in loans of around 1 per cent on impact.'®

Figure 1: Impulse responses of one-standard-deviation positive credit shock
(Benchmark Calibration, py = 1, per cent per quarter)
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The rise in the level of loans leads to an increase in available capital in the economy and a rise

in output level of around 0.6 per cent. The increase in the supply of funds also drives down the

interest rate on loans by almost half a per cent and leads to a fall in the interest rate spread by

around 1 per cent, as predicted by Proposition 2. The deposit rate rises by about 0.6 per cent

on impact, which in turn implies an increase in the level of deposits of around 1 per cent at its

peak, consistent with the zero-profit condition imposed on the banking sector. In the absence of a

1"The parameter values are given in Table 1, with the mean of the loan-to-deposit ratio, pg, set at one.
18 A negative credit shock can be interpreted as a credit crunch.
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technology shock, labour hours rise in response to the decline in loan interest rates (see Proposition
2). The resulting increase in labour income raises household consumption by around 0.4 per cent
on impact. Further, productivity rises, since output increases more than labour hours on impact.
Our findings are consistent with the impulse responses of a shock to bank capital, which predict
that the level of loans, output, labour hours and household consumption move in the same direction
(see, for example, Aikman and Paustian, 2006). It is worth highlighting that our findings are also
in line with the empirical evidence of responses to a U.S. credit shock, where output and short-
term interest rates (the deposit rate can be seen as a proxy) move in the same direction as the
credit shock (see, for example, Helbling, Huidrom, Kose, and Otrok, 2011 and Xu, 2012). Our
calibrated results show that the speed of convergence to equilibrium is slow for the credit shock
(around 20 quarters), while the peak impacts of a credit shock on output and consumption are
much larger than the effects of a typical technology shock. This observation is consistent with
empirical studies on the output effect of financial crises, which suggest that recessions associated
with financial crises have been much longer lasting than recessions associated with other shocks
(see, for example, IMF, World Economic Outlook, April 2009, Chapter 3). The prolonged effects
of the credit shock also reflect the high persistence in the loan-to-deposit ratio that we observe
empirically, where the autoregressive coefficient of the credit shock is found to be 0.848, while
the autoregressive coefficient of the technology shock is typically set to around 0.44 in calibration

exercises.

5.2 Robustness of the results
5.2.1 Alternative mean of the loan-to-deposit ratio

In order to check the robustness of our calibrated results, we carry out three additional experiments.

First, we examine the sensitivity of the impulse responses of a positive credit shock to the mean
of the loan-to-deposit ratio, pg. As seen in Table 2, the steady-state values of output per capita,
consumption per capita and interest rate spreads are sensitive to the choice of ug. The impulse
responses in Figure 2 suggest that, while the steady-state values are sensitive to the value of ug,
the impulse responses to a positive credit shock and the dynamics of the model are robust to the
mean of the loan-to-deposit ratio in the economy. We also find similar results for the technology
shock.'?

5.2.2 Lower persistence in the credit shock

In the second experiment, we consider the robustness of our results to the value of py, the autore-
gressive coefficient of the credit shock. We reduce the benchmark estimate of py from 0.848 to
0.678 (by 20 per cent). The results are displayed in Figure 3. We observe faster convergence in the
impact of the credit shock when the autoregressive coefficient is reduced; in particular, the impact
on output takes approximately 8 to 10 quarters to vanish, compared with around 20 quarters in
the benchmark case. The magnitude of the response in the levels of loans, output and consumption

is robust on impact, around twice as large as the impact of a technology shock, which is consistent

190Owing to space considerations, the impulse responses to a positive technology shock are not presented here, but
are available upon request.
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Figure 2: Impulse responses of one-standard-deviation positive credit shock
(119 = 1.05, 1 and 0.95)
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with the empirical evidence that recessions associated with financial crisis tend to be more severe
than recessions associated with other shocks. We also find a lower value for the peak impact of a

positive credit shock on output when py is reduced.

5.2.3 Higher volatility in the credit shock

In the third experiment, we increase the volatility of the credit shock, as measured by o, by 50 per
cent above the value implied by U.S. data, thus increasing o, from 1.1 per cent to 1.65 per cent.
As shown in Figure 4, the peak response in output, consumption and the level of loans is around
50 per cent higher when o, = 1.65%. We also note a slower rate of convergence to equilibrium.
The volatility of the credit shock, oy, has an impact on the dynamics of the model, since it affects
the steady-state conditions of the model through E(Inf,), given by equation (2.42), and therefore
enters the coefficients of the log-linearized approximation of the equilibrium conditions. This result
confirms our finding that a credit shock could have a profound impact on the real economy, in terms

of both the magnitude and duration of the responses, and the impact could be even more severe
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Figure 3: Impulse responses of one-standard-deviation positive credit shock
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during a banking crisis that is combined with elevated market volatility.

6 A Selected Review of the Literature

In this section, we provide a brief account of the macroeconomic literature related to the modelling
of financial intermediation. We start with an overview of models of financial intermediation that
focus on the demand and supply of credit and highlight the relationship between financial frictions

and monetary policy. We then review alternative approaches in the literature to modelling credit

risk and firm defaults.

Over the past decade, there have been significant advances in the theoretical literature on the
macroeconomic implications of financial imperfections. These advances are partly motivated by

the limitations of the traditional monetary policy channel in explaining the time-series empirical
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Figure 4: Impulse responses of one-standard-deviation positive credit shock
(o = 1.1% and 1.65%, up = 1)
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evidence of the effects of monetary policy on the economy.?’ This has led to a search for alternative
theories. One line of the research focuses on the credit channels of monetary policy and examines
the extent to which imperfect information and other financial frictions in the credit market affect
the transmission of monetary policy.?! Financial market imperfections could be due to a number
of factors: first, the asymmetry of information between lenders and borrowers (see, for example,
Bernanke and Gertler, 1995, Bernanke, Gertler, and Gilchrist, 1999 and Gilchrist, 2004), which

induces the lenders to engage in costly monitoring activities.?? The extra cost of monitoring by

20For example, Bernanke and Gertler (1995) argue that it is difficult to explain the magnitude, timing and compo-
sition of the economy’s response to monetary policy shocks solely in terms of conventional interest rate (neoclassical
cost of capital) effects. Empirically, the interest rate spike associated with an unanticipated monetary tightening is
largely transitory, yet some important components of spending do not begin to react until after most of the interest
rate effects have past.

2! According to Bernanke and Gertler (1995), the credit channel is not considered to be a distinct, free-standing
alternative to the traditional monetary policy transmission mechanism, but rather a set of factors that amplify and
propagate conventional interest rate effects.

22For example, costly state verification, in which lenders must pay a fixed “auditing cost” to observe an individual
borrower’s realized return, first introduced in Townsend (1979) and further developed in Bernanke, Gertler, and
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lenders gives rise to an external finance premium for the firms, which represents a wedge between a
firm’s own opportunity cost of funds and the cost of external finance. Higher asset prices improve
the firm’s balance sheets, reduce the external finance premium, increase borrowing and stimulate
investment spending. The rise in investment further increases asset prices and net worth, giving
rise to an amplified impact on investment and output in the economy. Financial frictions act as
a financial accelerator that leads to an amplification of business-cycle fluctuations, working their
effects through the “credit channel” of monetary policy.

Financial frictions could also stem from the lending collateral constraints faced by borrowers.
Examples of this line of research can be found in Kiyotaki and Moore (1997), Carlstrom, Fuerst,
and Paustian (2010), and Gertler and Kiyotaki (2010). Credit constraints arise because lenders
cannot force borrowers to repay their debts unless the debts are secured by some form of collateral.
Borrowers’ credit limits are affected by the prices of the collateralized assets. These asset prices are
in turn influenced by the size of the credit limits, which affects investment and demand for assets in
the economy. The dynamic interaction between borrowing limits and the prices of assets amplifies
the impact of a small initial shock and generates large and persistent fluctuations in output and
asset prices in the economy.

In addition to frictions in the demand for credit from firms, a number of recent papers argue
that banks themselves are also subject to frictions when raising loanable funds. These frictions
indicate that the supply side of the credit market also contributes to shock propagation, affecting
output dynamics in the economy. In Meh and Moran (2010), moral hazard arises, since the
monitoring activities of banks are not publicly observable. Depositors are concerned that banks
may not monitor entrepreneurs adequately and demand that banks invest their own net worth
(bank capital) in the financing of entrepreneurial projects. The capital position of banks therefore
affects their ability to attract loanable funds. The additional financial frictions between banks and
their depositors constrain the supply of credit and therefore the leverage of entrepreneurs in the
economy. The “bank capital channel” propagates a negative technology shock through a reduction
in the profitability of bank lending, making it more difficult for banks to attract loanable funds.
Banks are forced to finance a larger proportion of capital investments using their own capital, and
reduce bank lending, since bank capital consists mostly of retained earnings and cannot adjust
immediately. Reduced bank lending in turn leads to a fall in investment and economic activity.?*

Several papers argue that the degree of competition in the banking sector, or the rate-setting
strategies of banks, contribute to frictions on the supply side of credit markets, which are also
important in explaining macroeconomic fluctuations. Gerali, Neri, Sessa, and Signoretti (2010)
model an imperfectly competitive banking sector that enjoys some degree of market power in loan
and deposit markets and sets different rates for households and firms. Based on Bayesian esti-
mation using euro-area data, they find that the banking sector attenuates the effects of monetary
policy shocks, since sticky rates moderate the impact of changes in the policy rate on both con-
sumption and investment. On the other hand, financial intermediation increases the propagation
of supply shocks originating in credit markets, which are linked to asset prices and the balance-
sheet conditions of borrowers. In a related paper, Hulsewig, Mayer, and Wollmershaeuser (2006)

study the role of banks in the “cost channels” of monetary policy. They assume that banks extend

Gilchrist (1999).
ZPapers that use a similar approach include Chen (2001) and Aikman and Paustian (2006).
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loans to firms in an environment of monopolistic competition by setting the loan rate according
to a Calvo-type staggered price-setting mechanism.?* These authors find that frictions in the loan
market influence the propagation of monetary policy shocks, since the pass-through of a change in
the money market rate to the loan rate is incomplete. However, the strength of the cost channel is
mitigated, since banks shelter firms from monetary policy shocks by smoothing the lending rates.?

In addition to the above channels of monetary policy, Adrian and Shin (2009) propose that
the balance sheets of financial intermediaries also contribute to a “risk-taking channel”, involving
the bank’s net interest margin, defined as the difference between the total interest income on the
asset side and the interest expense on the liabilities side of the bank’s balance sheet. A rise in the
net interest margin (owing to changes in the policy rate) raises the profitability of bank lending
and increases the present value of bank income, therefore boosting the forward-looking measures
of bank capital. As banks expand their balance sheets, the market price of risk falls and the supply
of credit increases. As a result, financial intermediaries drive the financial cycle and affect the real
economy through their influence on the determination of the price of risk.

A number of recent papers also develop quantitative models to explore the effects of unconven-
tional monetary policy instruments, such as direct lending by central banks, to capture the policy
responses following the financial crisis of 2007-2009. See, for example, Christiano, Ilut, Motto, and
Rostagno (2010), Gertler and Kiyotaki (2010) and Gertler and Karadi (2011, 2013). Gertler and
Karadi (2011) interpret unconventional monetary policy as expanding central bank credit inter-
mediation to offset a disruption to private financial intermediation. They model unconventional
monetary policy by allowing the central bank to act as intermediary by borrowing funds from savers
and then lending them to investors. The central bank is distinct from private intermediaries (com-
mercial banks) in two ways. First, the central bank does not face constraints on its leverage ratio.
Second, public intermediation is likely to be less efficient than the private intermediation. Their
findings suggest that during a financial crisis like the recent one, the balance-sheet constraints on
private intermediaries tighten, raising the benefits of and the needs for central bank intermediation.
In a related paper, Gertler and Kiyotaki (2010) consider two additional unconventional monetary
policy instruments, discount-window lending to banks secured by private credit and direct assis-
tance to large financial institutions, including equity injections, and examine their impact during
a crisis period.?%

As this short review suggests, the existing literature on financial frictions and credit markets
is largely monetary in nature and is motivated to examine the impact of monetary policy on
macroeconomic fluctuations. However, as noted already, our focus is on examining the relationship
between credit, firm defaults and volatility, and studying the impact of a credit shock on the
macro-economy. Related to the modelling of firm defaults, one way to classify credit risks is to

distinguish between microeconomic or idiosyncratic risks, which can be diversified through the law

24The “cost channels” of monetary policy capture the impact of interest rates and credit conditions on the short-run
ability of firms to produce (by investing in working capital). See, for example, Barth and Ramey (2000), Christiano,
Eichenbaum, and Evans (2005), Chowdhury, Hoffmann, and Schabert (2006), and Ravenna and Walsh (2006).

25One explanation for the imperfection in the loan market is the existence of long-term relationships between banks
and customers, which are typical for a bank-based financial system as opposed to a market-based financial system.
See, for example, Fried and Howitt (1980) and Berger and Udell (1992).

268everal papers also explore the advantage of incorporating credit variables in the Taylor rule. Christiano, Ilut,
Motto, and Rostagno (2008) find that a Taylor rule modified to include a response to variations in some measure of
aggregate credit would be an improvement upon conventional policy advice. Curdia and Woodford (2010) find that
an adjustment for variations in credit spreads can improve upon the standard Taylor rule.
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of large numbers, and macroeconomic or systematic risks, which cannot. Banks generally have
to deal with both types of risks. Freixas and Rochet (2008) argue that defining and measuring
credit risk is equivalent to determining how the market evaluates the probability of default by a
particular borrower, taking into account all the possibilities of diversification and hedging provided
by financial markets.

Our analysis is closely related to the modelling approaches of BGG and Christiano, Ilut, Motto,
and Rostagno (2010).2” In BGG, entrepreneurial loans are risky and returns on the underlying
investments are subject to idiosyncratic and common shocks. A sufficiently unfavorable shock can
lead to the borrower’s bankruptcy. The idiosyncratic shock is observed by the entrepreneur, but
not by the bank, which, as in Townsend (1979), must pay a fixed monitoring cost to observe the
entrepreneurs’ realized return. To mitigate problems stemming from this source of asymmetric
information, entrepreneurs and the bank sign a standard debt contract. Under this contract, the
entrepreneur commits to paying back the loan principal plus an interest charge, unless it declares
default. In case of default, the bank conducts a costly state verification of the residual value of the
entrepreneur’s assets and seizes the assets as partial compensation. Our paper differs from BGG in
that the idiosyncratic shocks affect productivity rather than the return on capital in the economy,
which keeps the model tractable and allows us to establish a direct link between technology shocks
and probability of default.?® We also allow households to bear part of the default risk through their
equity investments in the firms, in the face of an adverse technology shock; otherwise, the whole
burden of default falls on the banking sector, resulting in unexpectedly high spreads between loan

and deposit rates.

7 Conclusion

This paper develops an analytically tractable theoretical model to analyze the relationship between
credit, firm default and volatility, with the aim of studying the effects of credit shocks on the real
economy. It advances a new approach to modelling firm defaults and financial intermediation,
and examines the financial implications of such defaults on the behavior of the household and the
banking sector. It also incorporates growth into a DSGE framework and proposes a new method of
computing steady states, allowing the steady-state values of the model to depend on the volatility
of the technology shocks and credit shocks.

We show that, in the steady state, the probability of firm default rises with firm’s leverage
ratio and the level of uncertainty in the macroeconomy. A positive credit shock, defined as a rise
in the loan-to-deposit ratio, leads to an increase in available capital and a rise in output, which
is largely consistent with the empirical findings in the companion paper Xu (2012). The positive
credit shock also drives down the spread between the loan rate and the deposit rate. The effects of
the credit shock are found to be very persistent and profound, consistent with empirical studies on
the output effects of financial crises, which suggest that recessions associated with financial crisis
have lasted much longer than recessions associated with other shocks.

The current modelling framework can be extended and enhanced along several dimensions.

*"Several other papers models firm defaults in a similar fashion. See, for example, Fiore and Tristani (2009).
28 Christiano, Ilut, Motto, and Rostagno (2010) assume that the variance of the idiosyncratic shock that hits the
entrepreneur’s return is the realization of a time-varying process.
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First, a more elaborate banking sector including bank capital can be considered, to allow for
endogenous credit shocks and leverage shocks. Second, it would be important to consider the risks
of high leverage as well as the benefits, which were highlighted in the current framework. One way
to introduce the potential costs of leverage is to augment the model with price rigidities and a
central bank operating under a monetary policy rule such as the Taylor rule. This would allow one
to capture possible inflationary pressure from high leverage and to study the policy implications
of credit shocks. Alternatively, one could incorporate leverage costs in the production function,
to establish a direct link between excess leverage and low productivity in the economy. Third, it
would be interesting to extend the model to incorporate time-varying volatility, and to study the

evolution of the probability of firm default over the business cycle.
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A Mathematical Appendix

Al Proof of Lemma 1

Proof. Recall that \;; is independently and identically distributed across ¢ and ¢t and A; ~
N(0,0%). Then
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where @ (+) is the cumulative distribution of a standard normal. Then (A1) becomes

w1 —Et _ _ 2
/ e’ fa(x)de = M\® <w1 °t UASD) ,

o 2P

2,2 —_a 2
where M)y = exp (%) and w; = w + % from equations (2.24) and (2.22). =

A2 Model Derivation and Solution
A2.1 Equilibrium conditions in efficiency units

The system of equations in (3.1) to (3.12) can be further simplified into a nine-equation system in
nine unknowns Cy, Ny, Dy, Ly, Sy, Ki, Yy, Ry, and Ry by eliminating Wy, Iy, and 1. As stated
earlier, since this model depicts a growing economy where technology grows with a deterministic
trend p, we must scale the endogenous variables Cy, Ly, Dy, Sy, K¢, Ny and Y; in the system of
equilibrium conditions by an appropriate factor of technology, A;_1, so that they are stationary
on a balanced growth path, to guarantee the existence of a steady state in solving the model.

We denote the variables in efficiency units by capital letters with a dot, Cy = %, Ly = %,
& _ St P, Di o Ki AL N Y,
St - A1 Dt — A1 Kt - A1 Nt - A%/(llJrX), }/t — A1

36



The equilibrium conditions in efficiency units can be written as

Cip1 — PN\
1 = E|B|— X g; "Rat41|Q%t|
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Y, = ngf]\oftlfaf(??
Ly = (1- ;)Kt, Ki= Ly + Sy, Ly = 0, Dy,
RyDy = RylLi(1— k) —x,(k — 7)N/ X,

The above system of equations can be further simplified to a system of six equations by elimi-
nating L;, S; and K;. The equilibrium conditions in terms of Cy, Dy, Ny, Y, R4 and Ry are then
given by

Cre1 — TN o
1 = E|B ( - X+Xo T 9; "Ra+1]Qct | (A2)
Gy — o NJHX
. 1 . .
i -Cr = - 19tDt + Diy1gt, (A3)
. ax,(1—-1) NtH_X
0.D; = v A4
t/t 1—a th ) ( )
. 1—a ] x p(1 = pu) s TR
Ny = MyM,)1-a — (R (1-a) X, A5
= P eana e | e G0 (e (45)
o o
. 5 0:D
Y, = MugfN | tl ; (A6)
(1-%)
RyDy = Ryu0:Dy(1— k) — x,(k — 7)NTX, (A7)

A2.2 Derivation of the steady states

We denote the variables in steady states by the lowercase letters with an asterisk, for example,
the steady state of consumption is given by ¢* = E (lné’t) and the steady state of the loan rate is
rf = E(InRy) ~ E(ry). To derive the steady state, we first take logarithms of the equilibrium
conditions (A4) to (A6) and then the unconditional expectations of the resulting equations:

7% O[(l - l) o *
E(lnby) +d* = lInx, +In Tav + (1 +x)n* —r],
. Inx, 1 [1 — o 1] 1 a
nto= - + —in aMyM.)T== | + - .
X X ( e) I+x (1-a)yx'
o % M)\ o % P

since In(gt) = 1+ v and E(Ilng:) = p.
To obtain the steady-state conditions for equation (A3), first note that Cy can be approximated
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as follows: N
Cr=et me (1+¢),

where & = é& — &*. Equation (A3) can then be approximated by

E(Infy)+d*
v—1

(&

e (1+7,) — e (1+6) = (14 1n0) (1 + dy) + e (1 + dysr)eH (1 + Ing,),

where @t =1Ing — E(lng;) and Inf, =6, — E (In6,). If we take the unconditional expectations

on both sides of the above equation, we have that, in steady state,

o 5 ok % 1 7k
o — 16E(lnet>+d .
U J—

Similarly, the steady-state condition for equation (A7) is given by

ergeci* _ erl*+E(zn9t)+d’*(1 — k) — X (K — 7_)6(1+X)r‘1*

Finally, to derive the steady-state condition for equation (A2), we can approximate C, and

N} as follows:
o o nritx 13 b ey
Cry1 — 1+th+1 Lt ﬁctﬂ — 25 (L + x4
s X I+x b CO
Ct 1+OXNt 1+ — b Ct 1 1b1 (1 + X)?’Lt

where b; = fjr—oxe(HX)ﬁ**é*. Taking first-order Taylor expansion, we have that following approxi-
mation:

. 1y
0
(Ctﬂ 1+th+1 )

Covt 1+XN1+X
73 b1y Y 3
— 1 1
1 _blct+1 + — b, — +X)nt+1 + T blct 1 _bl( +X)7lt
Furthermore, we can approximate g, ' Rg11 in equation (A2) as follows:
" Ray1 ~ by(1 —ylng, + 7,
9 'Ragt1 = ba(1 —Ing, +7g41),
where by = e~ 7#*"a. Therefore, equation (A2) is approximated by
1 Yz oz i+ x) T
% -1=F [— 1-b (Ct+1 - Ct) + ﬁ (nt—H - nt) —vlng, + Td,t+1‘Qct . (A8)

Now, if we take the unconditional expectations on both sides of (A8), by the law of iterated
expectations, the right hand side of equation (A8) is equal to zero. In steady state, we then have
Bby = 1, which together with by = e 7**"a, we obtain Ty =y —Ing.

A2.3 Log-linearization

We log-linearize the system of equilibrium equations around the steady state of the log of the
variables and denote the variables V&Bth a tilde, e.g. & = & — ¢*. Note again that C’t can be
approximated as C; = e ~ ¢ (1 + ¢;). For equations (A4) to (A6), the log approximations are
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given by

b +d, +7 = (1+X)%t
¥ (0% ~ Pu 77—
n = - T + Ing,_
' T—ax " 1y
g = ¢lng, +(1—a)n+alnb, + ad,.

For equation (A3), it can be approximated by
e (14 5,) — ¢ (1+ )

7 ° - 1 - 7 S
= (1 +diy1)e*(1+1ng,) + UieEU“@ﬂu +1In6y)e? (1+dy),
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while in the steady state,

o % ok s 1 x
PR €d +u + 16E(ln9t)+d )
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The log approximation is then given by
ei’**&*fyf’vt — b= e Hu=¢" <2t+1 + ﬂl\;t> + %eE(l"GtHd’té* <ﬂl\ét + gt> .
Similarly, the log-linearized approximation for equation (A7) is given by
eratd’ (ﬁlt + gt)
i B0+ (] _ o (th v+ lnﬂéﬂ) (= 7Y 4 )0,

Finally, to log-linearize equation (A2), first recall that it can be approximated by equation
(A8). Note that ﬁ — 1 =0 in steady state, and we have the following log approximation:

Tdt+1]Qet

> = = o —  1-bi
G—bi(l+x)u==FE [Ct—i-l —b1(1 4+ x)us1 + (L —bi)lng, — - }

The_log-linearized approximation of the equilibrium conditions of the model are therefore,
noting In g, = wuy,

gt — alﬁt = F (Agt_l’_l — algt_i_]_ - CLngVd’t+1|Qct) + asuy, (A9)

_Et + G5§t — a6;lgt+1 = 0421: + agur + a41f1;5t, (A10)
g+ ﬁﬁt = 3 I?:Xutfla (Al1)
aghy + arfg — astyy = — (a7 — as) Et + asinfy, (A12)
-1 —a)n, = oz;lgt + pus + aln 6, (A13)
(A+X)h—Fu = dy+Inby, (A14)
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where

1-90
= bx) a =1 by g = 1,
ag = 176E(ln0t)+j*ié*7 as = 6:&*7&*, ag = 662*4»;1,7&*7
v—1
U er;-&-dﬂ*’ ag = 6r7+E(zn9t)+d°*(1 ~ ),
— — (1 Lont g — _Xo ()¢
ag Xo(k—T7)(L+x)e =

Using the expressions for a4, as, ag, a7, ag and ag above, the steady-state conditions (3.25) and
(3.27) can be re-written as

as =1+ aq + ag, ag = (1 + x)(ag — ay), respectively.

Note also that the above system of equations can be simplified by substituting d’t from equation
(A14) in equations (A12) and (A13). The log-linearized equations (A10), (A12) and (A13) can
then be re-written as the expressions in the main body of the paper.

A2.4 Model solution

We use the quadratic determinantal equation (QDE) approach of Binder and Pesaran (1995, 1997)

to solve the rational expectations equations given by (3.28) to (3.33). Let x; = (Et,dot+1, Tit, Tt
U, ), and the above system of equations are written as

Hox; = Hix¢—1 + HoE(x441(Q4) + vy, (A15)
where
vi=Go& +Gig . &= < Hl%t > ; (A16)
and
& =RE .+, R_(p; 29) wt—(%), (A17)

with e; ~ N(0,02), and 7; ~ N(0,07).
The matrices Hy, Hy, Ho, éo, é‘q and x; are given by

1 0 0 0 0 —a 00 0000
—1 —ag 0 0 1+a4+ag 0 0 ag 0 0 0 0
0 0 o _ 0 1 00 0000
— (1-a)x =
Ho o o0 -1 1 0 0 - Hi 00 000O0O0 /]|
0 0 a 0 1 — (14 ay) 00 00O0O
0o 0 -1 0 0 (1+x) 01 0000
1 00 —az 0 —ay az 0 0 0 G
000 0O 0 O ag a4 0 0 cit+1
~loo0oo0 0 0 O = | 0 o0 = _| @5 O | o
H2=1000 0 0o o ["S7] 0 1 S5 0" o |'™7 o
000 0 0 0 e 0 0 0 %
000 0O 0 O 0 1 0 0 cf

Note that 1, is a serially uncorrelated vector process with zero mean. Note also that Hy is non-
singular, and using equation (A16), (A15) can be written as

x; = Hy "Hixy 1 + Hy "Ho B(x 41 |%) + Hy 'Goé, + Hy ' Gi€,_y,
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or
xt = Ax¢1 + BE(x¢41|Q) + Go&, + G1&,_ 1,

where A = Hy'Hy, B = Hy 'H,, Gy = H; 'Gy, and G; = H;'G;.
The rational expectations solution of (A18) is given by?’

x; = Cxy—1 + Do, + D&,
where

BC*-C+A = 0,
D, = (I-BC)'Gy,
(I-BC)Dp —-BD,R = Gj+B(I-BC)'G,.

(A18)

(A19)

(A20)
(A21)
(A22)

Following Binder and Pesaran (1995, 1997), we use the quadratic determinantal equation (QDE)
in (A20) to solve for C. After obtaining C, (A21) can be used to obtain D;. To solve for Dy, first

write equation (A22) as
Do — QoDoR = Qu,

where

QO = (I - BC)_l Ba
Q = (I-BC)!'Gy+(I-BC)'B(I-BC)'G;.

Then, using results in Magnus and Neudecker (1988) (pp. 30-31), we find
vec(Dg) — (R’ ® Qo) vec(Dg) = vee (Qu),

which yields
vec(Dp) = [I- (R'® Qo)] “vec (Q1).

A2.5 Solution of the Canonical Rational Expectations model
Proof. We show that x; = Cx;—1 + Do§; + D1&;_; is indeed a solution of
xt = Axy—1 + BE(x441|Q4) + Go&, + G1&,_4-
First, note that the left-hand side of (A24) can be written as
xt = Cxi—1+Do& +D1&

= C(Cx;_y+Do&;_1+D1&; o) +Do&; + D1,
= C; 9+Do&+(CDy+D1)&;_1+CD1&;_,.

To evaluate the right-hand side of (A24), note that

E(xt+11Q) = E(Cx¢+ Do&q + D1&[Q)

Cx; + DoE(£,,,|%%) + Dié,

= C(Cxt-1 + Do +D1&; 1) + DoRE + DL,
= C’x1+ (CDg + DoR + D) &, + CD1¢,_,

= C*(Cx,_,+Dg&; 1+D1&; ) + (CDg + DoR + Dy) &, + CD1&,
= C%x;_5+ (CDg +DoR + D) ¢, + (C*Dg + CD1)¢, | + C*Di€,_,.

2The proof that (A19) is indeed a solution to (A18) is given in the Appendix A2.5.
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Therefore, the right-hand side of (A24) is given by

Ax; 1 + BE(x¢41/ %) + Goéy + Gi€y
= A(Cx;_»+Do&;_1+D1&;_5) + BE(x:41|) + Go&; + G1&,4
= A(Cx; 5+Do&;_1+D1§, 5) + Go&;, + G1§,4

+BC%x;_2 + (BCDg + BDoR + BD)) ¢, + (BC?’D, + BCD, )¢, | + BC?D+¢,_,
= (AC+BC?x; 5+ (Go+BCDg + BDgR + BD; )¢,

+(ADg + G| + BC?’Dy + BCDy )¢, ; + (AD; + BC?Dy)¢, .

Equating the coefficients of x;_o, &, £,_; and &,_, on both sides of (A24), we have

x_y : C2=AC+BC>,

¢, : Dy=Gy+BCDg+BDgR + BD;,
&, : CDg+D; = ADg + G| + BC?’D; + BCD;,
£, : CD;= AD; + BC?’D,.

The above conditions can be simplified to

BC?’+A-C = 0, D;=(I-BC)'Gy,
(I-BC)Dy — BDjR Go + BDy,

that is,
(I-BC)Dy - BD,R = Gy + B(I- BC) 'Gy,

which is the solution given by (A19). =

A2.6 Impulse responses

We compute the impulse responses to a credit shock following Koop, Pesaran, and Potter (1996)
and Pesaran and Shin (1998), since the generalized impulse response functions offer more modelling
flexibility.

Definition 1 The “generalized impulse response function” (GIRF) of a vector process x; of dimen-
sion p X 1 is defined by

Glx(h,6,%-1) = E(Xt1n|thy = 0, Q1) — E(X¢1n/2-1),
where ;1 is the common information set at time t — 1, and & is a vector of shocks.

Recall that model solutions are given by equation (A19). Using definition 1 of GIRFs and
denoting GIx(h,d, ;1) by GIx(h) for simplicity, we have:
GIx(h) = CGIx(h—1)+ DGI¢(h)+DGI¢(h —1), for h=0,1,2,3...,
Gl¢(h) = RGI¢(h—1), for h=1,2,3...,
GIx(h) = 0, for h<0, and Gl¢(h) =0, for h <O.

For the technology shock on impact, we have

1
&1 Cov(¥y)er

GIe(0) = GI,(0) = Cov(th,)er | (A25)
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where e; = (1,0)" and
2
o PenOe0
Cov = c s ) :
wo=( . v

To obtain the GIRFs for the credit shock, we need to replace e; in (A25) by e2 = (0,1)". In the
standard case where technology shocks and credit shocks are assumed to be uncorrelated, we have

0.2
COV(¢t) = < 06 02 ) )

In

and (A25) can be simplified such that GI¢(0) = (o, 0)’ for a one-standard-deviation positive shock
to technology, and GI¢(0) = (0, 0;,)’ for a one-standard-deviation positive shock to credit.

Also, recalling that L; = 6;D;, then lot = ﬂl\ét + cit, and the GIRF of it is given by
GIl(h) = GIlne(h) + GId(h - 1)7

where G, g(h) is defined by the second element of GI¢(h), or (0,1)GI¢(h), and GI4(h—1) is given
by the second element of G Iy (h).?

In log-linearized form, labour productivity is given by pfr\o/dt = %jvt — %t, and therefore, the GIRF
for pfr\ont can be computed as

Glproa(h) = GI,(h) — GI(h),

where G1I,(h) and GI,(h) are given by the fifth and the sixth elements of GIx(h), respectively.

B Data Appendix

B1 Data sources

The main sources of the time-series data are Datastream and the Federal Reserve.

B1.1 Deposit rate

The Datastream series “U.S. CD Secondary Market 1 Month - Middle Rate” (FRCDS1M), “U.S.
CD Secondary Market 3 Month - Middle Rate” (FRCDS3M), “U.S. CD Secondary Market 6 Month
- Middle Rate” (FRCDS6M) are used to construct the deposit rate series used in the paper. The
deposit rate is given by the arithmetic average of the one-month, three-month and six-month
certificate of deposit (CD) series. The source for the Datastream series is the Federal Reserve and
the series are measured in per cent per annum. The middle rate refers to the midpoint between
the bid and offered rates.

We decided to use the Datastream (Federal Reserve) series instead of the International Finance
Statistics series “U.S. Certificate of Deposit rate 3 months (secondary market)” (60LC.ZF), since
the Federal Reserve has a broader coverage of CD rates, to include the one-month and six-month
CD rates, which we use to construct the final deposit-rate series.

B1.2 Loan rate

We take the Datastream series “U.S. Bank Prime Loan - Middle Rate” (FRBKPRM) as our
preferred measure of the loan rate. The source of this series is the Federal Reserve. The U.S.
Bank Prime Loan Rate is the rate posted by a majority of top 25 (by assets in domestic offices)
insured U.S. chartered commercial banks. Prime is one of the several base rates used by banks

30Note that the second element of G I, (h) refers to the GIRF of Cz.t+], which is given by GIq(h), and therefore the
associate GIRF for cit is GIq(h — 1).
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to price short-term business loans. Weekly figures are averages of the seven calendar days ending
on Wednesday of the current week; monthly figures include each calendar day in the month. The
interest rate is annualized using bank interest, and the middle rate refers to the midpoint between
the bid and offered rates. We decided to use the Datastream (Federal Reserve) series instead of the
IF'S series “Bank prime loan rate” (60P..ZF) to be consistent with the source of our deposit-rate
series.

B1.3 CPI series

Note that, both the series for the loan rate and deposit rate are in nominal terms. In order to
estimate our model, we need to convert the nominal loan and deposit rates to real series, using
a measure of the inflation rate. We take the CPI series “Consumer Price Index for All Urban
Consumers: All Ttems” from the Federal Reserve Bank of St Louis (CPIAUCSL). The series is
seasonally adjusted and indexed at the years 1982-84 (=100).

B1.4 Consumption

We use the data series “U.S. Real Personal Consumption Expenditures” (PCECC96) from Federal
Reserve Bank of St Louis as our measure for consumption. The data source is U.S. Department of

Commerce: Bureau of Economic Analysis, and the quarterly series is seasonally adjusted in billions
of chained 2005 dollars.

B1.5 Output

The gross domestic product series is taken from the Federal Reserve Bank of St Louis (GDPC96).
The series is seasonally adjusted in billions of chained 2005 dollars.

B1.6 Bank deposits

We use the Federal Reserve series “U.S. commercial bank liabilities-deposits and borrowing” (Fed-
eral Reserve H.8 Table) as a measure of bank deposits. This series is measured in billions of
U.S. dollars and current prices, and is seasonally adjusted. According to the Federal Reserve,
www.federalreserve.gov /releases/h8/current/default.htm (page 3), deposits are composed of large
time deposits and other deposits.

B1.7 Bank credit

The data series on bank credit (“U.S. Commercial bank assets—bank credit”) is taken from the
Federal Reserve H.8 Table, http://www.federalreserve.gov/releases/h8/current /default.htm (page
2). According to the Federal Reserve, bank credit is composed of securities in bank credit, and
loans and leases in bank credit. Loans and leases in bank credit include commercial and industrial
loans, real estate loans and consumer loans. We use the credit series from the Federal Reserve,
rather than the IFS measure “Bank credit to the private sector” used in the empirical paper,
because there is no matching deposit series from the IFS, while such series exists in the Federal
Reserve. The data series on bank credit is seasonally adjusted and expressed in billions of dollars
in current prices.

B1.8 Wages

The Federal Reserve series on “Average Hourly Earnings of Production and Nonsupervisory Em-
ployees: Total Private” is used as a proxy for wages. The data source is the Federal Reserve Bank
of St Louis (AHETPI), taken from the U.S. Department of Labor: Bureau of Labor Statistics. The
data series is seasonally adjusted and expressed in dollars per hour.
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B1.9 Hours worked

The data series on “Average Weekly Hours Private Non-Farm United States” is taken from Datas-
tream (USHKIP..O). The primary source of the data is the U.S. Department of Labor: Bureau of
Labor Statistics (USDOL). The series is measured in hours and seasonally adjusted. It captures
the expected or actual period of employment for the week, usually expressed in the number of
hours.

B1.10 Employment

The employment data (“All Employees: Total Private Industries”) are from the Federal Reserve
Bank of St Louis (USPRIV). The series is measured in thousands of persons and seasonally ad-
justed. The source of the data is the U.S. Department of Labor: Bureau of Labor Statistics.

B1.11 U.S. population

The U.S. population data (“U.S. Population: Mid-Month”) are from the Federal Reserve Bank of
St Louis (POPTHM). The series is measured in thousands. The source is the U.S. Department of
Commerce: Bureau of Economic Analysis.

B1.12 Liabilities of non-financial non-farm corporate business

We take the Federal Reserve Flow of Funds series (levels data, Table L.102) on the liabilities of non-
financial non-farm corporate business. In particular, we are interested in the series on corporate
bonds (Z1/FL103163003.Q), corporate equities (Z1/FL103164103), and loans and short-term paper
(Z1/FL104140005.QQ). The series are measured in millions of U.S. dollars.

The data series are available upon request.
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C Empirical evidence of time-varying volatility

In order to examine the empirical evidence of time-varying volatility in the U.S. credit and output
data, we estimate GARCH(1,1) models for the residuals of the change of the log of per capita real
output, the change of the log of per capita real credit, and the change of the log of the loan-to-
deposit ratio. The residuals are obtained by regressing the change of the log of the variable on an
intercept and its lagged value.

Table C1: Estimates of GARCH(1,1) Models for the Residual of the Change of Logs
of Per Capita Real Output, Per Capita Real Credit and the Loan-to-Deposit Ratio

Residual of the Change Residual of the Change Residual of the Change

of the Log of Per of the Log of Per of the Log of Loan-
Capita Real Output Capita Real Credit to-Deposit Ratio
Constant 3.11E-06" 1.44E-05 0.0001*
(1.89E-06) (8.97E-06) (4.47E-05)
ARCH Effect (-1) 0.226* 0.220f 0.024
(0.066) (0.121) (0.051)
GARCH Effect (-1) 0.737* 0.612* -0.699
(0.050) (0.193) (0.580)

Note: Sample period: 1973Q1 to 2012Q2. Included observations: 158 after adjustments. Method: ML - ARCH
(Marquardt) - Normal distribution. ‘*’ indicates significance at 5% level, and ‘{’ indicates significance at 10% level.
The standard errors are given in brackets.

As shown in Table C1, the ARCH and GARCH effects are significant for the residual of the
change of the logs of per capita real output and per capita real credit series, providing evidence
of time-varying volatility in credit and output. However, there is no evidence of time-varying
volatility in the loan-to-deposit ratio.
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