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Abstract

In a recent attempt to account for the equity-premium puzzle within a representative-agent model,
Cecchetti, Lam, and Mark (2000) relax the assumption of rational expectations and in its place
use the assumption of distorted beliefs. The author shows that the explanatory power of the
distorted beliefs model is due to an inconsistency in the model and that an attempt to remove this
inconsistency removes the model’s explanatory power. Using the theory of rational beliefs, the
author constructs a model in which the inconsistency is not present, compares its performance
with that of the distorted beliefs model, and gives a simple interpretation of the results obtained.

JEL classification: D84, G12
Bank classification: Economic models; Financial markets

Résumé

Dans une étude récente qui tente d’expliquer I'énigme de la prime de risque rattachée aux actions
dans le cadre d’'un modéle a agent représentatif, Cecchetti, Lam et Mark (2000) écartent
I'hypothése des anticipations rationnelles pour utiliser a sa place I'hypothése de la distorsion des
croyances. L'auteur montre que le pouvoir explicatif du modéle de distorsion des croyances est d

a une incohérence intrinséque et que tenter de I'éliminer revient & supprimer le pouvoir explicatif
du modéle. Se fondant sur la théorie des croyances rationnelles, I'auteur construit un modéle qui,
lui, est cohérent, compare sa tenue avec celle du modéle de distorsion des croyances et donne une
interprétation simple des résultats obtenus.

Classification JEL : D84, G12
Classification de la Banque : Modéles économiques; Marchés financiers






1. Introduction

Itiswell known that asimple Lucas-type representative-agent model cannot account for
the historically observed differencesin returns on equity and bonds. The problem, orig-
inally identified by Mehraand Prescott (1985), has generated much work in attempting
to resolve what has become known as the “ equity-premium puzzle.” As Kocherlakota
(1996) emphasizesin his survey of attempts to solve the problem, the relationship be-
tween the returns on stocks and bonds found in the datais in line with the predictions
of the asset-pricing theory. The puzzle refersto afailure of a particular type of model

to match the quantitative properties of the data.

Three main attempts have been made to resolve the equity-premium puzzle within

the Lucas-type representative-agent model:?

e modifying the utility function,
e relaxing the assumption of market completeness, and
e introducing transactions costs.

After an extensive survey of these efforts, Kocherlakota concludes that the litera-

ture has offered only two plausible explanations of the equity-premium puzzle:

() unusually risk-averse investors, and

(i) the presence of transactions costs.

Hereafter referred to asMP
2 SeeKocherlakota (1996) for references.



The problem with the first explanation is that most researchers are unwilling to assume
the degrees of risk aversion necessary to explain the puzzle. Regarding the second
explanation, the presence of transactions costs is not in itself sufficient to explain the
puzzle: it turnsout that the assumption of transactions cost asymmetries across markets
is necessary. In particular, one must assume that it is much more costly to participate
in the stock market than in the bond market. Since the evidence does not support the
cost differentials needed to explain the puzzle, Kocherlakota concludes that the equity

premium isstill a puzzle.

A common characteristic of all attempts surveyed by Kocherlakota is that the as-
sumption of rational expectations (RE) is maintained. Since the properties of prices
depend, among other things, on the probability structure, it is natural to try to relax the
assumption that agents know the true data-generating process and that they use it in
their computations. Cecchetti, Lam, and Mark (2000)2 relax the assumption of RE and
introduce a degree of persistent irrationality into the model. In particular, they assume
that the agent’s probability beliefs systematically deviate from the true beliefs. CLM
show that the introduction of this form of irrationality, termed “ distorted beliefs,” with
all other features of the original MP model remaining intact, can explain the equity-

premium puzzle.

This type of explanation is potentially problematic. Substitution of the assump-
tion of RE by distorted beliefs in the manner of CLM is based on an interpretation of
RE in behavioural terms. Although RE can be interpreted in this way, the emphasis on
behavioural interpretation tends to obscure the role of this assumption as a consistency

conditionin the model. Relaxing the assumption of RE will, in general, result in incon-

3 Hereafter referred to as CLM.



sistent models. To relax the assumption of RE isnot simply amatter of replacing it with
an alternative behavioural assumption—an alternative equilibrium concept is required.
An dternative to RE is the theory of rational beliefs and the notion of arational beliefs
equilibrium, introduced by Kurz (1994). Rationality of beliefs can be interpreted as a
weak consistency condition: although heterogeneity of beliefs is allowed, a priori re-
strictions are imposed on the set of admissible beliefs in away that model consistency

is preserved.

In this paper, we demonstrate the consequences of using an inconsistent model
to explain the equity-premium puzzle. Inconsistently specified models are shown to
result in additional degrees of freedom, which increases their explanatory power to an
arbitrary degree. After the nature of the problem is demonstrated, the equity-premium
puzzleisexamined in arepresentative-agent model inwhich rationality of beliefsisused
asaconsistency condition. Rational beliefs are compared and contrasted with distorted

beliefs and some conclusions are drawn.

In thefollowing presentation, CLM’s model isused asanillustration of thistype of
problem, although the issues rai sed may be relevant to the whole class of heterogeneous
beliefs models. Our results suggest that one should be wary of any model in which the
expectational assumptions are motivated by behavioural concerns, without an explicit

demonstration of the consistency of the resulting model.
This paper is organized as follows.

In section 2, weintroduce the ideas of microspace and macrospace and use theseto

describe model consistency. These concepts are then applied to models with distorted



beliefs and an exampleis given that illustrates the sources of these models' explanatory

power. ldeasillustrated in this example are devel oped fully in the rest of the paper.

In section 3, three types of models are described: (i) the basic RE model used by
MR (ii) a smplified version of the distorted beliefs model used by CLM, and (iii) a
representative-agent model with rational beliefs. The properties of these models are
analyzed, and their relationship to each other is explained. Aswill be shown, both the
distorted beliefs and rational beliefs models are derived by expanding the state space.
The differences between them lie in the types of restrictions imposed on the agent’s

beliefs.

Section 4 contains the smulation results. First, we reproduce the equity-premium
puzzle results in all three models. Some of CLM’s results are then replicated and the
sources of their model’s explanatory power are examined. Thisisfollowed by aninves-
tigation of the relationship between distorted and rational beliefs and an investigation of
the equity-premium puzzle in a representative-agent model with rational beliefs. Sec-

tion 5 concludes.

2. Model Consistency

Thenotion of model consistency that isintroduced hereisbased on asimple observation:
since the properties of any model follow from the specification of the characteristics of
agents, the properties of the model must be related to those characteristics. Our focuson
therole of expectationsin modelstrand atesinto the analysis of the relationship between
the stochastic properties of the model and those of the agents. To formalize these ideas,
the economy is viewed as a stochastic dynamical system. A model is consistent if the

stochastic properties of the system depend on the stochastic properties of agents.

4



The following definitions formalize the above intuition:

Microspace: A space in which individua & operates, characterized by observable

variables and private signals. Denote this space by V;,, Vk.

Microsystem: A stochastic dynamical system defined on the microspace; i.e.,
(Vkooa B (Vkoo) ) Qka T) ’

where, @, istheindividual probability measure and 7' is the shift operator.
Macrospace (aggregate space): Product space X = x,V*.

Economy: A stochastic dynamical system defined on the product space; i.e.,

(X, B(X*),ILT).

Inthe special caseof therepresentative-agent model s, the mi crospace and macrospace

coincide.

The question of model consistency is a question of the relationship between the
individual probability measure, ), and the probability measure, 11, defined on the
macrospace.* Since the macrospace is a product space, it is clear that the properties
of II must in some ways be related to the properties of Q. One form of consistency
that can be used isto assume that (), = II. Thisis known as the assumption of rational

expectations.
Definition A model is said to be inconsistent if ()}, and 11 are independent.

A model isinconsistent if it is specified in such away that the properties of thetrue

probability measure, 11, are unrelated to the properties of individual probability mea-

4TI will be referred to as the true probability measure associated with the macrospace.
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sures. In representative-agent economies the problem is particularly apparent. Since
thereis, in effect, only one agent there, the independence of (Q and I1 leaves us without

satisfactory answers to the following questions:

e Assuming that ), is given, what is the origin of II? The use of ), by agents will

not result in I1.

e If IT istaken as aprimitive, what isthe origin of Q?

If one interprets IT as summarizing the properties of the data, the above problems
can be restated as follows: amodel is inconsistent if the properties of the data, repre-

sented by I1, are not implied by, or are not related to, the properties of Q.

Models with distorted beliefs as well as models with rational beliefs relax the as-
sumption of strong-form consistency. Model swith rational beliefsimposetherationality-
of-beliefs condition, which can be thought of as a weak-form consistency condition.

Models with distorted beliefs do not impose any consistency condition relating 11 to
Qr-

2.1 Rationality of beliefs as a weak consistency condition

The idea behind the rationality-of-beliefs condition can be illustrated as follows.® The
economy isrepresented as (X, B (X*),II,T) . An agent has avail able some dataand
formsabelief about IT, denoted by (). The agent’s view of the economy is summarized

by (X, B (X*),Q,T).

5 SeeKurz (1997), Introduction, for an excellent summary of the main ideas,
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A stochastic dynamical system is stable if the frequencies of finite-dimensional
events converge. The assumption of stability implies the existence of an empirical dis-
tribution function. Kurz (1994) proves the following proposition:

Proposition 1 (Kurz 1994) (X, B (X>),I1,T) is stable iff it is weakly asymptoti-
cally mean stationary.

Under the assumption of stability, it can be shown that there are unique stationary
measures, m'! and m®, associated with each of the above systems. The rationality-of-

beliefs condition requires that m'" and m® coincide.

Stability is aweaker requirement than stationarity.® If the system is stationary m!!
and IT will coincide, but more general possibilities are allowed. In particular, non-
stationarity is alowed. Thisimplies that if the data are generated by a stable system,
agents, in learning the empirical distribution, will end up learning the stationary distri-
bution of the system. The rationality-of-beliefs condition requires that this distribution

coincide with m!. By contrast, the assumption of rational expectations requires that

Q=1L

2.2 Model consistency and explanatory power

Regarding the explanatory power of inconsi stently specified models, itisclear that when
Q) and I1 are independent an additional degree of freedom existsin the model that can
be used to improve its explanatory power. Indeed, as the following example illustrates,

almost anything can be “explained” using these models.

6 The assumption of stability imposes restrictions on the time-heterogeneity of the process. Some re-
strictions on time-heterogeneity of the stochasti c process are necessary to make an operational model that
can be used to draw inferences about the data.



Example 1 [n the representative-agent economy analyzed by ME the individual opti-
mization implies the following expressions for stock and bond prices’:

p =B my(g) " (b5 +1),
j

for stocks, and
Pl =08 mylg)",
J

for bonds. (3 is the subjective discount rate, vy is the risk-aversion parameter, m;; is the
transition probability to state j given state i, and g; is the growth rate of endowments
in state j. Setting v = 1 results in the following expressions®:

p=BY i () +1),Vi,
J

for stocks, and
B =B mylg) Vi,
J
for bonds. Using MPS$ parameterization, with
[ 0 1:[ 1.054 } @:[ T Ti2 }:[ 0.43  0.57 1
92 0.982 |’ To1 Moo 0.57 043 |’
and setting 3 = 0.95, results in the following values for prices:

pb = 0.939, p} =0.930, pi =19,i=1,2.

The expected returns are computed using

n n

s — S b — b

pP=> TR, p'=> mRl,
i=1 i=1

where R and RY are state-i returns on stocks and bonds, respectively, and 7; is the
unconditional probability of state i. Under the assumption of rational expectations, the
prices are computed using ® and 7; is the unconditional state i probability implied by
®. In this example, the expected rate of return on stocks is approximately 7.16 per cent

7 Thedetails of the model are described in section 3.
8 Thechoiceof v = 1 isfor convenience only. The points made herein do not depend on the choice of
~. Section 4 contains the results for different values of ~.
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and on bonds it is 7.03 per cent. This results in an equity premium of 0.13 per cent, as
opposed to 6-7 per cent observed in the data. This is the equity-premium puzzle.
Suppose that the agents$ belief is represented by ®' and that ' # ®. For concreteness,®

let
, [01 09
v= l 0.1 0.9 ]

Under this specification, leaving the other parameters unchanged, the following values
are obtained for the prices of stocks and bonds:

PP =0.9608, pi =19, i =1,2.

These prices were computed using ®'. Computing the expected returns using ' gives
P’ = 0.0408 and p* = 0.0413, so that the equity premium is 0.05 per cent. The puzzle
remains.

Suppose that the expected returns are computed using ® while the prices are still com-
puted using ®'. In this case, p° = 0.0408 and p* = 0.0716, which gives an equity
premium of 3.1 per cent, much closer to the one observed in the data.

The preceding example illustrates the way in which an inconsistently specified
model can be used to explain the equity-premium puzzle. By properly choosing v and

@', while computing the expected values using ¢ one can obtain any result.

3. Models

In this section, three types of models are presented:

(i) Model 1—rational expectations (RE),
(i) Model 2—distorted beliefs (DB), and

(iii) Model 3—rational beliefs (RB).

9 Again, the numbers chosen arefor convenience only. Section 4 containsthe resultsfor several choices
that differ from the one here.



The first model is used by MP; the second is used by CLM. The only difference

between these modelsisin the assumptions imposed on the agent’s beliefs.

Let ©(m), m = RE,RB, DB, denote the solution sets associated with these

modds. One can then write
©(RE) C©®(RB)C©(DB).

This relationship follows from the assumption about the agent’s beliefs that is used.
The assumption of RE isthe most restrictive, since it amounts to assuming, as noted in
section 2, that the agent knows and uses the true probability distribution in computing
the expected values. In the RB model, beliefs are restricted in such away that the long-
run properties of the data are reproduced. This assumption is less restrictive than the
assumption of RE, since it does not rely on the knowledge of the true data-generating
process but only on some of its characteristics. RE models are special cases of RB

models when RB are the same as RE.

The assumption of DB is the least restrictive, since none of the characteristics of
the true data-generating process are used to restrict the beliefs that the agent can hold.
Even if agents can learn the characteristics of the true data-generating process, they

ignore them. That iswhy they are called “irrational.”

There is another way to view the models introduced above. As shown in sections
3.2 and 3.3, both DB and RB models are obtained from the RE model by the appropriate
expansion of the state space. Although the expansion of the state space is used in both
DB and RB models, the key difference is that in DB models no consistency condition

is specified, whereasin RB modelsit is present.

10



3.1 Representative-agent economy with rational expectations

The model used in this section corresponds to the models used by MP and CLM. It is
arepresentative-agent model of an exchange economy with a single consumption good
and endowment uncertainty. There are two assets in the model: a unit of stock, with
price p*, and a bond, with price p°. Both pay in units of the single consumption good.
The payoff of the stock varies across states, whereas bonds pay one unit in each state.
Since there is only one consumption good in the model, and bonds pay afixed amount
in units of this consumption good in each state, it follows that the bond is a riskless

asse!.

The structure of the model impliesthat the solution will take arather special form:
sincethereisin effect only one agent in the model, therewill be no trade in equilibrium,

so that it is optimal for the agents to consume the available endowment.

The evolution of the endowment is modelled by a Markov chain, specifying the

transition probabilities at each point. In MR it is assumed that the endowments are

Thegrowth rate of endowments, g;, followsatwo-state Markov chain with thetransition

matrix

21 22

FmE[Wll le}:{ oh 1 — ¢, (1)

with ¢; = ¢,. CLM use the same specification, except that ¢; # ¢,.%°

10 The differences in the specification of the endowment growth process are discussed in section 4.1.1.
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The utility function used is the constant relative risk-aversion type:

=7 —1

u(c) = T

From the first-order conditions, we get the following expressions for stock and

bond pricesin each state i:
P; :ﬁzmj (g)" 7" (03 +1), 2)
j
and
pi=08Y mi(g)" 3)
j

Sincethereisno other uncertainty, and under the assumption that ® isused in computing
asset prices, there will be two possible states of the world, / and 7, with bond and stock
prices defined in each state. For convenience, assume that the state at each point is
selected by asignal S € {1,0} , where the evolution of S isdescribed by (1). The link

between this formulation and the one in MP is established by defining
g ifS=1
9=\ ¢ ifs=0

The state space looks as follows:

State S
1 1 .
2 0

The price mapping isgiven by P : S — R. The consequence of the fact that agents
know and use @ isthat 7;; = ¢,7 = j, and m;; = 1 — ¢, 7 # j. Theknowledge of (d, ¢)

makes it possible to compute the prices in different states.

12



The returns on equity in this model are given by the returns matrix

{ T Tio }

S S )
o1 Tag
where

s _Pitd; pj+1
Tij = 3 = g] .
b; Di

The expected return on equity if the current stateisi is
R; = Zﬁbzg‘rfj» Vi,
j=1

where ¢,; istheijth element of I',.

The return matrix for bonds is

b b
)
o1 To2

where
b
rij = i
i
Since, inthemodd, d; = 1, V7,
1
ri; = —.
oot

The return on bondsiif the current stateis: is

Rlz? = Zgbijrfj? Vi.

j=1

The expected returns on equity and bonds are

n n
s — S b — b
pP=> TR, p'=> mRl,
i=1 i=1

13



where 7; is the unconditional probability of state i, which exists under the assumption
of ergodicity and is represented by the normalized el genvector associated with the unit

eigenvalue of matrix I',,.

3.2 Representative-agent economy with distorted beliefs

The model used by CLM isidentical in all respects to the model described in section
3.1, except in the specification of the sources and the nature of the uncertainty. The
key to CLM’s approach is to relax the assumption that agents know and use . The
endowment process (growth rates) will evolve according to the Markov process, which

takes the form
b= Tl T12 _ o 1—¢,
S| T T 1—¢ ¢, ’
with ¢, # ¢, Thisisassumed to describe the true process that generated the data

Agents do not believe that this is the true process, and they form their own be-
liefs about the transition probabilities and the endowment growth rates. Their decisions
depend on pseudo-signals, which will in turn affect prices. Prices will depend on the
state of these signals as well as on the state of the observables in the economy. Thus,

S = D x S in arepresentative-agent economy and theresulting pricesare P : S — R.

CLM assumethat there are, apart fromthesigna S € {0, 1} indicating the current
state of the economy, two typesof pseudo-signalsinthemodel: S, € {1, —1} ,whichin-
fluences agents’ behaviour in expansions, and S, € {1, —1}, which influences agents

behaviour if the economy isin recession. Each of these signals is assumed to follow a

1 Theimplications of the difference in specification of the endowment growth process are discussed in
section 4.1.1.

14



two-state Markov chain with transition matrices of the form:

o[ B F]
e[ B ¥

Thejoint transition matrix of the pseudo-signalsisthen

b T b T
eTe.eTs = | S5 505 |

QD
o

]

RSN SW
*0

®

and

*

S
ﬁz;@q

(¢}

WheregB: =1- g~bi, 1=35,¢C.

The state space now looks as follows:

State  (S,S,,S,)
1 (L 17 )

2 (1,1,-1)
3 (1,-1,1)
4 (1,-1,-1)
5 (0,1,1)

6 (0,1, 1)
7 (0,—1,1)
8 (0,—1,-1)

The representative agent’s belief about the true transition probabilities can be de-
scribed as follows™:

7T (Se) = fiz, + 6eSe,
and

#(S.) = fiz. — 8eSe.

12 Similar expressions are used to describe the beliefs about the endowment growth rates in different
states.

15



Thisis used to define the following:

bo = :afre + 5@7 Pp = :afre - 667

qo = laﬁ'c - 607 qq = ,afrc - 50-

The following two transition matrices characterize the agent’s subjective belief:

E Po  1—po
F = ,
' { Py 1—pp }

if the current state is expansionary, and

> I—q qo
P= ,
: ll_% qu

if the current stateis contractionary. These matrices, together with the selection criterion

for the matrix P, specify the conditional probabilities used in the computations:

W1, % Deefi,.] if S=1, 8. =1,
5o ) R[2 ) xTefi,] if S=1, 8 =-1,
P =lp) = 15“2[1, J-*Teeli,] if S=0,S.=1, "~ “)
Fy[2,). T fi,] if §=0,8.=-1,

wherei =1,....4, j=1,...,8.

In the ensuing discussion, two simplifying assumptions are made:

(i) thereisonly one pseudo-signal governing behaviour in both the contractionary and

expansionary states, and

(i) the agent’s beliefs about the endowment growth rates are not distorted.

16



Use of these assumptions makesthe similarities (and differences) between the mod-
elswith distorted beliefs and those with rational beliefs much more obvious without af -
fecting any of the findings related to the first moment of the equity-premium puzzle.®
Indeed, CLM’s success in explaining the first moments of the puzzle does not depend
on the presence of asymmetries arising from two different signals, S, and S.. We will
first replicate the results of CLM and then investigate the sources of successes in this

mode!.

Due to the fact that there is only one pseudo-signal in the model, the dimension of

the state space is reduced from 8 to 4. The state space |ooks as follows:

State (S,S..)
1 (1,1)
2 (1,-1)
3 (0,1)
4 (0,—1)

The transition matrices used by agents are still £} and . The pseudo-signal is, as

before, assumed to follow atwo-state Markov process with the transition matrix

whered =1 — 6.

The selection criteriafor probabilities used in computations of prices are the same
asin (4), onceI'g,, issubstituted for I'... Note that if 6 =0,i=e,c, fiz, = ¢1, and
fiz. = ¢, these matrices coincide with the true transition matrix, which is called the

stationary transition matrix I" (described in section 3.3).

13 Theintuition behind the resultsis summarized in Example 1 of section 2.2.

17



The prices in the model are computed from (2) and (3) using the distorted proba-

bilities specified above. The expected values are computed as

n n
s — s b — b
pr=>_mR, p'=> mRl,
i=1 i=1

where 7; represents the unconditional state probabilities associated with the true tran-
sition matrix that describes the behaviour of the economy. These resultswill be usedin

the ssmulation work in section 3.3.

3.3 Representative-agent economy with rational beliefs

Wefollow the same strategy as above, expanding the state space by alowing the agents
to hold beliefsthat may systematically differ from the beliefsimplied by the data, while

imposing the rationality-of-beliefs condition.

To keep things simple, assume that at any time the agent can use one of two tran-
sition matrices, F'* and F'2, to compute prices for the next period. The agent’s belief is
then an infinite sequence, @ = {F}}, k = 1,2. The elements of the sequence are se-
lectedby asignd, s; € S, = {0, 1}, withPr {s; = 1} = a. Assumethat alarge number
of observations on variables of interest are available to the agent. Also assume that the
agent has learned the stationary measure associated with the, possibly non-stationary,
system (X, B (X),I1,T) that generated the data. Denote this stationary measure as
m™. Therationality criterion then requires that the agent’s belief be consistent with this

stationary measure, so that m@ = m'.

The state space is S = D x S,, where S, is the space of signals that select the
transition matrix to be used at any point in time. Since it was assumed that there are

only two matrices to select from, our state space will have dimension 4. It looks as

18



follows:

State  (S,S,)
1 (1,1)
2 (1,0)
3 (0,1)
4 (0,0)

Prices will depend on the state of dividends as well as the state of the private signals.

The stationary transition matrix in this case is given by**
[ =®.%x A,

where

A - aiae 1 —aia
asx 1 — asx
Here,a =Pr(s=1),s € S ={1,0},anda = (ay, az) isavector of parameters that

allow for the possibility of asymmetries across states.

The rationality-of-beliefs condition requires that the selected matrices reproduce

the stationary measure. This condition can be written as

Y apF =T, > ap=1. (5)
k k

Matrix F' takes the following form®:

[ dAar« oA (1 — 1) (1—-X\o)arc (1—X09)(
PArazx P2 (1 — aza) (1= X20) aza (1—220)(
(I-¢) Msaix (1=¢)A3(1—ar) (1—(1—¢)) dsaia (1—(1—9))As(1—arcx)

| (I=9) Mz (1=0)As(1—aza) (1= (1=¢))Mager (1= (1=9)) (1~ axa)

1—ac)

1 — asa)

14 Theformulation T = T'.. * A will be used when we want to compare the performance of the models
with distorted beliefs and with rational beliefs.
15 Matrix F? iscalculated using (5).
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Here, A = (A1, A2, A3, \4) are parameters. These parametersrepresent proportional
revisions of state probabilitiesrelative to the stationary measure represented by I".*® For
example, A > 1 impliesthat the agent assigns greater probability to states 1 and 2 than

is assigned by the stationary measureI.

Conditional probabilities used in computations are selected according to the fol-
lowing rule:
Fl Zf S; = 1
- (6:9)
e { F, ifsi=0" ©
WhereF(’jj) isthe (i, j) element of F* k =1, 2.
The pricesin the model are computed using the probabilities specified above. The

expected values are computed as

P> = iﬂin7 pb = iﬁiR?’ (7
i=1 i=1

where 7; denotes the unconditional probabilities associated with the stationary transi-
tion matrix I'. The key difference between these computations and the onesin the model
with distorted beliefs is that these probabilities depend on the transition matrices used
by agents, whereas in the model with distorted beliefs there is no link between these
and the agent’s beliefs. Indeed, one may interpret the distortions in beliefs as system-
atic deviations of unconditional probabilities associated with the distorted beliefs from
the unconditional probabilities associated with the true transition matrix. There is no
such discrepancy in the model with rational beliefs. The rationality conditions speci-
fied above put restrictions on the unconditional state probabilitiesaswell. I1n effect, the

16 In the experiments in section 4.5, we assume that \; = )\;, V4, j, and for simplicity refer to this

parameter as A. Thisassumption impliesthat all states are subject to equal revisions.
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transition matrices used by agentsimply the unconditional probabilitiesof the stationary

matrix.

4. Rational Expectations, Rational Beliefs, Distorted Beliefs,
and the Equity-Premium Puzzle

4.1 Parameterization

4.1.1 Consumption (endowment) process

CLM'’s specification of the endowment process differs from MP’s and this has signifi-

cant implications for the model performance.

Both specifications assumethat the endowment processfollowsatwo-state Markov

process with the transition matrix:

The differenceisthat in MP it is assumed that ¢, = ¢,. The difference in specification
is dueto the difference in the way the consumption growth processisidentified. In MR
the growth rates and transition probabilities are chosen to match the following sample

properties of the U.S. consumption series:

e average growth rate of per capita consumption (. = 0.018),
e standard deviation of the growth rate of per capita consumption (6 = 0.036), and

e first-order serial correlation of this growth rate (p = —0.14).
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The growth ratesin two states are:
g0 | _[ 1+p+6 | _ [ 1054
g | | I+p—06 | | 0.982
g=1+p+6, go=1+p—54,

while the transition probabilities are

¢11:¢22:¢7 ¢12:¢21:1—¢7

with the resulting transition matrix

o | 043 057
~| 057 043

CLM, rather than selecting the transition probabilities indirectly, estimate them di-
rectly using aregime-switching model, and use these estimates in their specification of
the transition matrix. They get the following estimates of transition probabilities and

growth rates:

e transition matrix:

o | 0978 0.022
~ | 0484 0516 |

e growth rates:
g | [ 1.02251
g2 | | 093215 |-
The values used by CLM differ considerably from those used by MP. For example,

in MR the unconditional probabilitiesof each stateare 0.5, the unconditional probability
of the good state in CLM is 0.96, and the probability of the bad stateis only 4 per cent.
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Whereasin both casesthe probabilities of staying inthe bad state, oncethere, are around
0.5, the probability of staying in agood state, once there, in CLM, is more than twice
that for MP

Taking into account the growth rates, in the CLM’s economy good states are mod-
erately good, although they dominate by far, whereas the bad states, while infrequent,
are quite bad, with adrop in the growth rate of over 6 per cent and a greater than
50 per cent chance of lasting for more than one period. In MR the situation is quite dif-
ferent. Both states are equally likely and, once in either one of them, equally persistent,
with a higher probability of exiting the current state in the next period than staying in
it. The growth ratesin the good state are over 5 per cent; in the bad state the declineis
by roughly 2 per cent. In summary, the MP economy is much more volatile. This will

be an important clue in interpreting the results.

To make the results of our experiments comparable to those of CLM, their specifi-

cation of the endowment process will be used.

4.1.2  Other parameters

MP restrict the value of therisk-aversion parameter, -, to belessthan 10. The subjective

discount rateisrestricted to therange 6 €< 0,1 >. These restrictions are standard.

The values of the other parameters are given and discussed in sections 4.2 to 4.5.
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4.2 Recovering the equity-premium puzzle

In the first set of experiments, we report the values of the risk-free rate and the equity
premium in the special case when both the DB model and the RB model coincide with

the MP model. Thisisaccomplished by setting the parameters to the following values:

a1 = Qg = 05,

g1 = 1.02251, g» = 0.93215, ¢, = 0.978, ¢, = 0.516.

In this case, the stationary matrix, I', and the matrix used by CLM coincide. In addition,

the parameters of the DB matrix have been set to the following values:
p, = 0.978, p, = 0.516, 8, = §, = 0.

This means that the agent in the DB model is using the stationary matrix, so that in this

specia case the DB model reducesto the MP model. Theresults are given in Table 1.

Table 1: Equity Premiums with CLM Specification of Endowment Process

Cases (B ~ p’ P’ ep

1 095 1 0.0719 0.0722 0.003
2 095 2 0.0913 0.0914 0.001
3 095 15 0344 0.699 0.356
4 090 3 0173 0.172 -0.001
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The expected returns on bonds and stocks are represented by p° and p*, respectively,
and ep istheimplied equity premium. Asthelast column of the table shows, the equity
premium is below 0.5 per cent for low values of the risk-aversion parameter. As case 3
illustrates, the high values of the risk-aversion parameter move the equity premium in
the desired direction. For reasonable values of the risk-aversion parameter, the equity-

premium puzzle remains.

4.3 Equity-premium puzzle with distorted beliefs

In this section, we modify the probabilities in accordance with the CLM specification
and present the results of the experiments. The results are used to explain the source of

explanatory success of the model.

Table 2: Equity Premiums in the DB Model (expected returns computed using
true probabilities)

Cases p q f3 v P’ p° ep
1 05 02 0933 1.831 0.0245 0.0790 0.0545
2 05 04 0918 2371 0.0239 0.0778 0.0539

3 06 02 0923 3.159 0.0262 0.0795 0.0533

4

0.7 0.1 0930 4.691 0.0309 0.0829 0.0520

Columns 2 to 5 of Table 2 give the parameter values. These values are taken
from CLM* and are the parameter values which, according to CLM, solve the equity-
premium puzzle nearly exactly, in the sense that the mean risk-free rate is around
2.5 per cent and the equity premium isaround 5.5 per cent. p and g are the mean values

of subjective transition probabilities used by agentsin good and bad states, respectively.

17 See CLM, Table 4.
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These are the " distorted probabilities” used by the agent; [ is the subjective discount

rate and ~y represents the risk-aversion parameter.

The results in Table 2 indicate that the equity premium is roughly in the desired
range, according to CLM’s criteria. These results are obtained by the judicious choice
of parameters. It isimportant to emphasize that the above returns were calculated using
the correct probabilities associated with the transition matrix, I", whereas prices are

computed using the distorted probabilities.

What happens when distorted probabilities are used to compute expected returns?
Table 3 givesthe results. Both prices and expected returns are computed using the same

set of probabilities.

Table 3: Equity Premiums in the DB Model (expected returns computed using
distorted probabilities)

Cases p q f3 v P p° ep
1 05 02 0933 1.831 0.0431 0.0470 0.0039
2 05 0.4 0918 2371 0.0333 0.0391 0.0058
3 06 02 0923 3.159 0.0451 0.0534 0.0083
4 07 0.1 0930 4.691 0.0528 0.0658 0.0130

Theresultsin Table 3 arein sharp contrast to thosein Table 2. They arevery similar
to the MP model: the differencein return isquite small. In order to increaseit, we need
to increase the value of the risk-aversion parameter. Changing the method of computing
the expected values has resulted in drastically deteriorated performance of the model.
These findings imply that the distortion of beliefsis not in itself sufficient to generate
the differencesin returns observed. Thekey to the explanatory success of the DB model

isin theway the expected values are computed: while prices are computed using the DB
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matrices, the expected values are computed using the true transition matrix. Thistype
of problem was illustrated by the example in section 2. Note that the results in Tables
2 and 3 were obtained without any change in the parameter values of the model. In an

inconsistent model, one can obtain different results with the same parameter values.

4.4 Rational beliefs and distorted beliefs

The problemsillustrated in section 4.3 arise because the DB model does not satisfy the
basic consistency criterion described in section 2. Rationality of beliefsis aweak-form
consistency condition that resolves this problem without the need to resort to rational
expectations. In this section, the relationship between distorted and rational beliefsis

examined in more detail.

Taking the parameters of the consumption process used by CLM as the description
of the true data-generating process, we determine the restrictions that the rationality
of beliefsimposes on the agent’s transition matrices. These restrictions will be used to

assess whether the transition matrices specified by CLM could satisfy the RB condition.
Let I'. denote the true transition matrix that is computed using CLM’s parameters.
The rationality conditions then require that

aFi+(1—a)Fy,=T..

Conditional probabilities are selected according to the following rule:

Tis = (4,5) .
K F? if s, =0

Since;; are used to compute prices, and since CLM useI’. to compute expected val ues,

the question is whether, given I',., the probabilities that correspond to CLM'’s specifica
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tion of distorted beliefs can be obtained. This will depend on the extent to which the

matrices F; and F; can deviate from I',.

The deviation is regulated by the value of the parameter A\. The RB condition im-

plies a number of restrictions on the value of this parameter, such as:
A~ A<~
ol Py

<1 < ! |
“aa(l—¢y) " T (1—a1a)(1—¢)

These and other restrictions follow from the requirement that the entries of matrices F}

and F; satisfy the properties of transition probabilities. Which of these conditions will
be binding depends on the values of the parameters of the process. Given the specifica
tion of the consumption process, with ¢, = 0.978, ¢, = 0.516, A € <¢1, d)il) guarantees

that the entries in the transition matrix will be non-negative.

With this information, the deviations of the transition probabilities in F; and F3
from the stationary probabilities specified in I'. can be determined. Given the large

value of ¢,, the admissible range is quite narrow.

The transition matrix, I'., isgiven as follows:

0.489 0.489 0.011 0.011

r — 0.489 0489 0.011 0.011
© | 0242 0.242 0.258 0.258 |’

0.242 0.242 0.258 0.258

with the unconditional state probabilities (0.47826,0.47826,0.02174,0.02174) . The
unconditional probability of the high-dividend state is 0.95652, or roughly 96 per cent,
which correspondsto CLM.
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The rationality conditions imply the following restrictions on the unconditional

probabilities:

a Matrix Fy:

(i) Pr(s=h) <1,Pr(s=1)>0,when A = 1.02249

(ii) Pr(s =h) >0.92, Pr(s =1) < 0.08, when A\ = 0.978
b. Matrix F;:
(i) Pr(s =h) > 0.91, Pr(s = 1) < 0.08, when \ = 1.02249

(i) Pr(s=h) <1,Pr(s=1) > 0,when A = 0.978

These results indicate that any matrices satisfying the RB condition would imply
the unconditional state probabilities in the range (0.92, 1) for the i state and (0, 0.08)
for the [ state. The unconditional state probabilities for the DB matrices are given in
Table 4. The matrices that solve the equity-premium puzzlein CLM are outside of this

range and therefore do not satisfy the rationality criteria.’®

Table 4: Unconditional State Probabilities (DB matrices)

Cases D q@ Pr(s=h) Pr(s=1)

1 05 0.2 0.62 0.38
2 05 04 0.55 0.45
3 06 0.2 0.67 0.33
4 0.7 0.1 0.75 0.25

18 Additional cases are given in CLM, Table 4. The unconditional probabilities for all cases arein the
range (0.2, 0.82) for state 1 and (0.25, 0.75) for state 2.
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4.5 Equity-premium puzzle with rational beliefs

In this section, we use the RB model presented in section 3.3 and report the magnitude
of the equity premium under CLM'’s parameterization of the endowment process. The
results are reported for four different combinations of values of (3, ) .These are the

values used by CLM.

The belief matrices are characterized by parameters \, o, and a. \ regulatesthe de-
viationsfrom the stationary matrix I'. Setting A = 1 meansthat agents use the stationary
matrix inall periods. Parameter o regulatescorrelationsof beliefs; settingittoa = (1, 1)
makes the beliefs uncorrelated. The value of « regulates the proportion of times the
agent uses matrix F; in computations of expected values. Setting A = 1,a = (1,1),
and a = 0.5 gives us the stationary RE model used by MP The results of section 4.2
are applicable.

To determine whether the model can explain the puzzle, A # 1 waschosen. In this
case, Fy # F,, so that the agent will be using different matrices at different pointsin
time. Setting A > 1 means that the agent is more optimistic relative to the stationary
measure. Setting o > 0.5 means that the agent is optimistic more than half of the time.
For this experiment, A was set at its maximal value of 1.02249. We then searched for a
combination of values of parameters («, a) that would result in the riskless rate in the
desired range of around 2.5 per cent, and computed the rate of return on risky assets and

the implied equity premium. The results are given in Table 5.

The prices were computed using the probabilities selected according to (6), and
the expected returns were computed using (7). As stated earlier, the rationality con-

ditions guarantee that the stationary probabilities used to compute expected values are
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Table 5: Equity Premiums in RB Model (F; # F3)

Cases 3 ~ o a P’ P’ ep
1 0.933 1.831 0.96 0.140 0.0254 0.0579 0.0325
2 0.918 2371 0.96 0.122 0.0254 0.0513  0.0259
3 0.923 3.159 0.95 0.125 0.0254 0.0281  0.0027
4 0.930 4.691 0.93 0.076 0.0253 —0.013 —0.0383

implied by the transition matrices used as the agent’s belief. This meansthat thereisno

inconsistency in the computations.

The results in Table 5 show that the agent’s use of transition matrices that differ
from the stationary transition matrix does make a difference in terms of the model’s
performance. The risklessrate is lowered to the acceptable region, and in three out of
four cases the equity premium increases. Using different transition matrices over time
increases the volatility of prices, and this increases the equity premium required. An-
other common characteristic of these casesisthat, in all of them, the acceptable riskless
rate is obtained by setting o close to 1. Recall that o represents the probability of us-
ing the first transition matrix. Since A > 1, the transition probabilities associated with
I are greater than the transition probabilities associated with the stationary transition
matrix. The agent displays optimism relative to the stationary transition matrix. High
values of « indicate that the agent is using this matrix most of the time. This is what
one might expect given that, according to CLM’s parameterization, the unconditional
probability of the economy being in a good state is 0.956. Although the theory of ra-
tional beliefs allows the agent’s transition matrix to differ from the stationary measure,
the above results indicate that, given the nature of parameterization, the agent’s beliefs

cannot greatly differ from the stationary measure (implied by the maximum value of
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A = 1.02249), and that since the economy is most of the time in a good state, it does
not seem to be reasonable to be pessimistic most of the time. The reason the model is
not successful in explaining the equity-premium puzzle is simple: the parameterization
of the endowment process implies that there is not enough volatility in the datal The
RB condition then puts the restrictions on the set of admissible transition matrices that
can be used to model the agent’s belief. Since the rationality conditions require that the
properties of the data, as represented by the stationary transition matrix, be reproduced,

thiswill restrict the type of behaviour possible.

5. Conclusion

In this paper, we have investigated the problem of model consistency and the explana-
tory power of inconsistently specified models by examining a particular example that
appeared in the literature. We believe that the problems illustrated here are more gen-
eral and may apply to avariety of modelsin which the assumption of RE isreplaced by
aternativesthat are more behaviourally plausible without demonstrating that the result-
ing model is consistent. These alternatives include, but are not limited to, various rules
of thumb postul ated as substitutes for learning, as well as avariety of irrational “noise

trader” models.

Wehaveinterpreted Kurz's(1994) rationality-of-beliefs condition and demonstrated
that it isameaningful postulate when the assumption of rational expectationsis deemed
unsatisfactory. Although the representative-agent model with rational beliefs cannot
generate the observed equity premium, it does provide the best-case scenario. Sincethe
rationality of beliefsis aweak consistency condition, the model shows, conditional on

the observed data, the best we can do in terms of explaining the puzzlewithin theframe-
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work of a consistently specified representative-agent model that relies on changes in
beliefs. Theresultsreported herein, in conjunction with the results surveyed in Kotcher-
lakota (1996), suggest that the way ahead most likely liesin consistently specified het-
erogeneous agent models, rather than modifications of the representative-agent model.

The results of Kurz and Motolese (2001) are encouraging in this respect.

33



References
Cecchetti, S., P Lam, and N. Mark. 1991. “ Asset Pricing with Distorted Beliefs. Are
Equity Returns Too Good to be True?’ American Economic Review 90: 787-805.

Kocherlakota, N. 1996. “Equity Premium: It's Still a Puzzle.” Journal of Economic
Literature 34:. 42-71.

Kurz, M. 1994. “ On the Structure and Diversity of Rational Beliefs.” Economic Theory
4: 877-900.

. 1997. Endogenous Economic Fluctuations: Studies in the Theory of Rational
Beliefs. Berlin, Heidelberg, New York: Springer-Verlag.

Kurz, M. and M. Motolese. 2001. “Endogenous Uncertainty and Market Volatility.”
Economic Theory 17 497-544.

Mehra, R. and E. Prescott. 1985. “Equity Premium: A Puzzle.” Journal of Monetary
Economics 15: 145-62.



Bank of Canada Working Papers

Documents de travail de la Banque du Canada

Working papers are generally published in the language of the author, with an abstract in both official
languagesles documents de travail sont publiés généralement dans la langue utilisée par les auteurs; ils sont
cependant précédés d'un résumé bilingue

2003
2003-3 Modélisation et prévision du taux de change réel

effectif américain R. Lalonde and P. Sabourin
2003-2 Managing Operational Risk in Payment, Clearing, and

Settlement Systems K. McPhail
2003-1 Banking Crises and Contagion: Empirical Evidence E. Santor
2002
2002-42 Salaire réel, chocs technologiques et fluctuations

économiques D. Tremblay
2002-41 Estimating Settlement Risk and the Potential for Contagion

in Canada’s Automated Clearing Settlement System C.A. Northcott
2002-40 Inflation Changes, Yield Spreads, and Threshold Effects G. Tkacz
2002-39 An Empirical Analysis of Dynamic Interrelationships

Among Inflation, Inflation Uncertainty, Relative Price

Dispersion, and Output Growth F. Vitek
2002-38 Oil-Price Shocks and Retail Energy Prices in Canada M. Chacra
2002-37 Alternative Public Spending Rules and Output Volatility J.-P. Lam and W. Scarth
2002-36 Une approche éclectique d’estimation du PIB

potentiel américain M.-A. Gosselin and R. Lalonde
2002-35 The Impact of Common Currencies on Financial Markets:

A Literature Review and Evidence from the Euro Area L. Karlinger
2002-34 How Do Canadian Banks That Deal in Foreign

Exchange Hedge Their Exposure to Risk? C. D'Souza
2002-33 Alternative Trading Systems: Does One

Shoe Fit All? N. Audet, T. Gravelle, and J. Yang
2002-32 Labour Markets, Liquidity, and Monetary

Policy Regimes D. Andolfatto, S. Hendry, and K. Moran
2002-31 Supply Shocks and Real Exchange Rate Dynamics:

Canadian Evidence C. Gauthier and D. Tessier

Copies and a complete list of working papers are available from:
Pour obtenir des exemplaires et une liste compléte des documents de travail, priere de s’adresser a

Publications Distribution, Bank of Canada Diffusion des publications, Banque du Canada
234 Wellington Street, Ottawa, Ontario K1A 0G9 234, rue Wellington, Ottawa (Ontario) K1A 0G9
E-mail: publications@bankofcanada.ca Adresse électronique : publications@banqueducanada.ca

Web site: http://www.bankofcanada.ca Site Web : http://www.banqueducanada.ca



	Working Paper 2003-4 / Document de travail 2003-4
	Are Distorted Beliefs Too Good to be True?
	by
	Miroslav Misina
	Bank of Canada Working Paper 2003-4
	February 2003

	Are Distorted Beliefs Too Good to be True?
	by
	Miroslav Misina
	Financial Markets Department
	Bank of Canada
	Ottawa, Ontario, Canada K1A 0G9
	mmisina@bankofcanada.ca
	The views expressed in this paper are those of the author. No responsibility for them should be a...


	Contents
	Acknowledgements
	Abstract
	Résumé


	2003
	2003-3
	2003-2
	2003-1

	2002
	2002-42
	2002-41
	2002-40
	2002-39
	2002-38
	2002-37
	2002-36
	2002-35
	2002-34
	2002-33
	2002-32
	2002-31


